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INTRODUCTION 


The rapid development of X-ray astronomy made it possible /l* 
that this field reached within three decades the level which opti- 
cal astronomy achieved when Galileio pointed a telescope for the 
first time at the sky: The soft X-ray region (0.2 to 2.0 keV) 

has obtained by now the first imaging systems for the observation 
of extrasolar X-ray sources. By the end of the year 1978, HEAO-B 
will carry the first X-ray telescope for satellite-based observa- 
tions of extrasolar sources. 

After the first observations of cosmic X^ray sources (19^9: 
first observation of the sun in the X-ray range from V2-rockets, 
1962: discovery of the first extrasolar source, Sco X-l) an 

astronomical observational program got started, resulting in an 
extensive catalogue of cosmic X-ray sources (UHURU satellite) 
and surprising observations of individual sources (ANS, Ariel-5, 
SAS-3, )S)-8). At present, we know of about 300 cosmic X-ray 
sources, among them the novel types of Cyg X— 3 or Her X-l with 
their short-period fluctuations in brightness that have given 
theoreticians new ideas (neutron stars, black holes). These 
interesting results were obtained with the aid of instruments 
of small energy and angle resolution, such as mechanically col- 
imated proportional counters with an angular resolution of some 
arcmin and an energy resolution of about E/A E = 5. A second /2 
generation of X-ray satellites (HEAO-B, EXOSAT) will make use of 
focussing imaging systems and use their advantages to improve 
the angular as well as the energy resolution (the latter by a 
combination with transmission gratings) by factors of order 10- 
50. The focussing systems have the added advantage of suppres- 
sing the background noise: The signal to noise ratio is improv- 
ed corresponding to the large ratio of collector surface and de- 
tector surface. For instance, HEAO-B will have a sensitivity 
which is about 10^ times that of the UHURU satellites. 

-% 
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The MPE (Max-Planck Institut fur Extraterrestrische Physik 
Garching, FRG) is currently involved in the development of an 
X-ray telescope which is supposed to be flow in three versions 
toward the end of the year 1978 in rockets. The concept of this 
telescope is not so much aimed at a high resolution (the design 
postulates asked for a resolution of about 20 arcsec and a 
FWHM width of less than 5 arcsec was reached; by comparison, the 
HEAO-B has a point resolution of 3.5 arcsec FWHM) ; instead the emphasis 
is on a low level of scattering background. The telescope is 
meant to be used for the study of extended X-ray sources, such 
as the supernova remnants in Vela, Puppis, and Cygnus, and for 
measuring the dust scattering halos of the type expected in the 
case of the bright sources such as Cyg X-l due to scattering by 
interstellar dust. This task requires a high contrast, both with 
respect to the detector and the reflecting system proper: While 

Rayleigh’s criterion 


is in the optical range reasonably satisfied even for perpendicu- 

o 

lar incidence and a roughness of c* = 50 A. The value of g is 

o 

unity for the same roughness, a wavelength of 10 A and a typical 
grazing angle of 1 degree. As a consequence, there is always 
significant scattering radiation in the case of soft X-rays de- 
creasing the contrast of the image of an X-ray telescope. 

The present paper is concerned with the imaging properties of X-ray tele- 
scopes and is closely related to the development of this particular one. Special 
emphasis is placed on the analysis of the influence of the mirror microrougbnesss 
on the point imaging function. 

A computer code was developed to determine the geometrical-optics imaging 
properties of a paroboloid-byperboloid telescope of the type described by H. 

Wolter [51]. This code allows to follow the ray path through the telescope and to 
determine in this fashion imaging errors, effective surfaces, and the influence 
of diaphrams. The influence of micro-roughness on the scattering behavior of 
X-rays under reflection by polished surfaces is computed for the telescope on 
the basis of the stat- 
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istical surface scattering theory [l]j the influence of volume 
scattering is estimated. The scattering experiment provides mea- 
surements of the dependence of the integral scattering contribu- 
tion and of the scattering distribution on the wavelength, the 
grazing angle, and the roughness of the plane mirros. The results 
are then compared with the results provided by theory. Scatter- 
ing measurements are also used in checking the optimizing of the 
reflecting material and the polishing techniques, and also in 
studying novel methods for mirror production (replicas). The 
roughness obtained from scattering measurements by means of scat- 
tering theory are compared with other measurement techniques for 
surface roughness. 

While this work was going on, the discovery of cylcotron line 
emission from HerX-1 brought up the auestion as to the reflection 
of x-rays from the surface of a neutron star with its extreme 
physical conditions. The computations we have carried out in 
this respect were added in Section 3.2b to this report. 

A final section discusses the use of transmission gratings 
together with X-ray telescopes. We point out the possibility of 
increasing the spectral resolution through grating corrections. 

We also study the question as to the optimum position of the 
grating behind the telescope for a given wavelength and grazing 
angle range. 

2. THE X-PAY TELESCOPE OF THE TYPE WOLTER I /5 

2.1. Bas-^c Principles of the telescope 

The refractive index of all materials under normal condi- 
tions is for X-rays less than unity, with the departures from 
unity in the soft X-ray region (0.2 to 2 veV) being of order 10“'' 
to 10“ in the case of gold; c.f. Section 3.2. Thus, total re- 
flection occurs in this energy range of electromagnetic radiation 
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below an angle of incidence which is obtained from the relation 


C 05 u c -- R(n) « 1- $ 

If the angle are small, we then have ^c-YzS . Since the 

limiting angles for total reflection in the region of soft X-rays 
are between 0.5 and 8 degrees, mirror telescopes for X-rays are 
run under conditions of grazing incidence. 

H. Wolter [51,52] suggested the design for such a telescope 
in 1951 for applications with soft X-rays. It is easy to show 
that mirror systems with an odd number of reflections under graz- 
ing incidence violate Abbe’s sine conditions in an extreme fash- 
ion. Consequently, Wolter’ s telescope consists of two mirrors, 
that is, a paraboiloid and a confocal coaxial hyperboloid. The 
MPe developed in collaboration with the Zeiss Company (Oberkochen) 
a 32 cm telescope of the Wolter type 1 (Fig. 1). The radiation /6 
which arrives at the paraboloid parallel to the optical axis is 
focussed toward the lhs focus and then impinges on the hyperbol- 
oid mirror which deflects it to the second (rhs) focus. Thus, 
radiation arriving parallel to the axis is focussed in ideal fas- 
hion, as would be the case for a single paraboloid. The dif- 
ference to this case, however, is the fact that a source which 
is not situtated on the optical axis (at infinity) is imaged in 
a diffraction pattern in the focal plane with the center situated 
near the Gaussian image point and with the size of the diffrac- 
tion pattern small by comparison with the displacement from the 
axis. The image errors of such a telescope and their measurabil- 
ity in the optical range of wavelengths are discussed in Section 
2.5. Since the effective surface of a Wolter telescope is a ring 
surface, diaphragms are needed to prevent radiation to reach the 
detector without reflection. Additional diaphragms are used to 
protect the detector from singly reflected radiation. The effect 
these diaphragms have on the dependence of the collector surface 
of the telescope on the off-axis angle, that is, the angle be- 
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tween the direction of the incoming radiation with respect to the 
optical axis, is discussed in Section 2.3. We first, in Section 
2.2, determine the parameters of the mirror surfaces and the di- 
mension of the 32 cm telescope. /7 



HY PERBOLQID: (C 3 - H j )((X ♦ Q] 3 /H 3 - 1 ) 

Figure 1. Schematic drawing of the Wolter telescope Type I 

2.2. Dimensioning and effective surface of the telescope 

The determination of the relative position of the two mir- 
rors with respect to each other (coaxially and confocally) res- 
trict the freedom in the definition of the form to a total of 
three parameters. Together with the length of the individual mir- 
rors the system is determined by five parameters. If the length 
of the hyperboloid mirror is chosen at least such that all the 
radiation reaching t:.j paraboloid parallel to the axis hits the 
hyperboloid as well after the first reflection, then the geome- 
trical collector surface for paraxial rays depends only on two 
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parameters: F geom = AL p ; here, A is half of the distance between /8 
focus and the directrix surface of the paraboloid, L is the axis 
length of the paraboloid mirror. The maximum interior radius of 
the telescope reads 


% = Va“( Lp * B) 

If this radius is chosen for the representation of the paraboloid 
(it is limited by the size of the carrier rocket) together with 
the angle of incidence in the case of reflection of paraxial rays 
at the position x = 0, then we find for the geometrical collector 
surface 

^9«©*n " ^ ^ tni.oc [ Lp 6o.i\ c* — + Lp to-^U J 

The effective collector surface is obtained by mutliplying the 
geometrical surface with the reflectivities R(of p ) and fU* M ) . 
For slim Wolter-type telescopes we find that the sum of & p and 
is nearly constant. If *P m 1 } °V * + £ , then we have for 

the product of the two reflectivities /9 

R(*pV Ps « RV) - ct £*rV) 

In the range of energies of X-rays for which the telescope was 
optimized (1 to 1.5 KeV) the second derivative of the angle of 
incidence is negative (that is, for angles less than 2°). Then 
the product of the two reflectivities is a maximum, if o' * of 

0 ro ’ 

If c(.- IS , the computed effective surface shows a maximum for 

o 

1.5 KeV or about 8.3 A. Thus, we have chosen an angle of inci- 
dence of 1.5° at the position of x = 0 for the 32 cm telescope. 
This completely determines the paraboloid together with the max- 
imum radius of 160.9 mm and the axial length restricted to *130 
for design reasons. The remaining two parameters of the hyper- 
boloid were determined in such a fashion that on one hand the 
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16o.9 II. 5° I 715.51 43o.o I 38o.o 


The remaining radii and angles of incidence and the focal length 
are then obtained as follows: 

r o (mm) j A (mm) | D (mm) 'C(mm) I Q(mm) Ir^fmnOjc^j , j f(min) 

15o.o 1 7.8 i 2864. 1 i 71 7.5 i 2144.71119.7 , 1.83° , 1 . 4o° i 14 27.2 

Here, is the grazing angle at which a paraxially incoming /10 

ray is reflected at the hyperboloid, if it hits the telescope at 
the front edge of the paraboloid. 
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2.3. Positioning and Dimensioning of Diaphragms 


In order to compute the effective area for off-axis incidence 
and the amount of image errors for the telescope a ray-tracing pro- 
gram was developed which permits to follow the radiation incident 
from an arbitrary direction through the telescope in the manner of 
geometrical optics, until it is either absorbed by one of the dia- 
phragms in the telescope, or in the detector plane. The latter is 
not necessarily identical with the focal plane. We have computed 
the grazing angle on reaching the paraboloid and the hyperboloid 
and weighted the respective points of incidence with the reflect- 
ivities. The program also computes thr influence of the dia- 
phragms on the geometrical collector surface. Three diaphragms /II 
were required to remove radiation that had not been reflected or 
had been reflected only once (fig. 3). The diaphragms were de- 
signed in such a manner that the geometrical collector area is 
not impaired out to 20 arcsec off axis. The following Table sum- 
marizes the data for the three diaphragms: 



x-position 

( n-.m ) 

Radius 
( mm ) 

Radius tolerance 
(mm) 

Diaphragm l 

430 

147.5 

0.5 

Diaphragm 2 

-380 

107.8 

0.5 

Diaphragm 3 

630 

162.6 

0.5 


The influence of the various diaphragms on the collector surface /12 
is shown in Fig. 4 for objects off axis: While the collector 

area without the diaphragms decreases with increasing off-axis 
angle so slowly that at 1.5° still half of the area is available. 




Figure 4. Dependence of the geometrical collector area on 
the off-axis angle collector area on the off-axis angle for 
various combinations of diaphragms. 

2.4. Design-related image errors 

One of the aims of the development of the 32 cm telescope 
is the discovery and measurement of astrophysical halos, that is, 
the intensity distribution of x-rays scattered by interstellar 
dust [40]. In order to measure such dust-scattering halos, the 
following requirements must be met by the telescope: First, the 

experimental scattering halo produced by reflection at the tele- 
scope mirrors must have an energy flux density below that of the 
astrophysical halo. In the case of interstellar dust, at 1 keV, 
an integral scattering contribution of about 30-50% is expected 
(Cyg X-l, Crab), depending on the grain size and density of the 
dust. This then places severe requirements on the polishing /13 
technology. Second, in order to be able to measure the behavior 
of the astrophysical halo as a function of the scattering angle, 
the half width of the point image function of the telescope must 
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be small with respect to the half width of the astrophysical 
scattering halo. The current discussion favors average grain 
sizes of the interstellar dust between 0.15nand 0,05pm. This 
type of dust results in a scattering halo width of 4 to 10 arcmin. 
As a consequence, astrophysical halos can only be measured with 
the aid of telescopes whose resolution is clearly better than 4 
arcmin. For the 32 cm telescope an on-axis point image resolu - 
tion of 20 arcsec is aimed at. 


We shall compute in this section the theoretical resolution 
of the 32 cm telescope as a function of the off-axis angle; this 
yields the requirements for the polishing accuracy. We shall also 
investigate possibilities to test the on-axis resolution optically. 


Aside from the violation of the sine condition and the re- 
sulting coma, the Wolter telescope has all known image errors 
of the third order [50, 21]; the construction of strictly aplan- 
ar X-ray telescopes is discussed in [52]. An improvement of the 
resolution was obtained by W. Werner [^9] by means of represen- 
ting the mirror surface by a polynomial. The 32 cm telescope is 
strictly a Wolter Type I telescope. L. P. Van Spreybroeck and 
R. C. Chace have published [39] approximate formulas for the re- 
solution (rms blur circle) of such a paraboloid - hyperboloid 
system: 

o; * •? • £ (40 + ^ i * 

(2)/l4 


Here, 6*p is the rms radius of the point image function in the 
case of optimum curvature of the detector surface, C is the off- 
axis angle, f the focal length of the telescope, that is the dis- 
tance of the focal plane from the joining surface. * and L p , 
respectively, are as before the grazing angle and the length of 
the paraboloid. This empirical formula describes the off-axis 
behavior of the point resolution for a curved detector surface. 
However, there is currently no spatially resolving X-ray detec- 
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Figure 5. Resolution of the 32 cm telescope as a function of 
the off-axis angle. Dashed curve: approximation according to 

Van Spreybroeck. 

tor with a curved sensitive surface available. Thus, we have 
computed with the aid of the computer program for ray tracing 
mentioned in Section 2.3 the behavior of the off-axis resolu- 
tion for a plane image surface (Figure 5). The parameters "0 mm” 
to 2 mm" show the distance of the detector plane from the focal /15 
point. While the image plane goes through the focus, the rms 
blur circle depends about quadrat ically on £. : 6*^ At + B £ 
with A. = 8.5o1o ^and b = 1.4 5 1o ^arcmin ^ The approximation 
formula by Van Snrevbroeck yields for A and B the values: a' = 

2.74 1o-\ B'= 6.69 lo^arcmin" 1 • The resolution may be im- 
proved by a curvature of the detector surface( x/mm = o.o43 (r/mm)^) 
by typically a factor of 2. This optimum resolution for the 32 
cm telescope is shown in Fig. 5 by the dashed curve. If the 
detector plane is moved toward the telescope, the resolution for 
large off-axis angles is improved, however, at the expense of 
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the resolution for the on-axis situation. The dependence of the 
intensity distribution of the point picture on the off-axis an- 
gle and the position of the image plane is shown in Fig. 6, In 
the case of paraxial incidence, and for displacing the detector 
plane, the 5-shaped point image function changes into an ever 
wider ring shape. By contrast, the distribution is even without 
displacement smeared out for values such as t = 10 arcsec. If 
the image plane is moved toward the telescope, the diffraction 
pattern becomes narrower. The optimum of the resolution is ob- 
tained for $ values between 0.5 and 1.0 mm. If the displace- 
ment is further increased, the intensity in the center of the 
diffraction pattern decreases with the result that the point image 
again is transformed into a ring pattern. As we see from Fig. 7,/l7 
decreasing the half width does not improve the point image; in- 
stead, displacing the image plane results in a disappearance of 
the wide base of the intensity distribution. 

Aside from the theoretical errors of importance for the off- 
axis behavior of the telescope the manufacturing faults result in 
a decrease of the resolution even in the case of incidence paral- 
lel to the axis. In order to avoid the significant effort requir-/l8 
ed to test the image errors of the telescope and its individual 
mirrors in the X-ray range, we try to find out to what extent 
optical tests allow the determination of image errors, and to 
what limiting resolution; in this manner we do not expect results 
with respect to microroughness of the mirrors from optical scat- 
tering measurements, since the scattering, as shown in Section 3, 
depends on , so that in the optical range only a scattering 

contribution of about 0.01% is to be expected. 

The half width of the point image function is independent of 
the wavelength so long as the diffraction by the ring aperture of 
the telescope can be neglected. Thus, we calculate in the follow- 
ing the diffraction by the paraboloid mirror, starting from Helm- 
holtz’s integral: 
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off-axis angle 



Figure 6. The intensity distribution in the point image as a 
function of off-axis angle and detector-plane position; geo- 
metrical optics approximation. 
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and the well-known Kirchoff boundary conditions for reflection: 

E,<1- W (4 


fc s “ E 1 C1+W* E l( 1- R , (k 1 nje _ H r („, 

Referring to Figure 11, we have ^ V 1 for the wave vector of 
the incident wave, k 2 for that of the reflected wave. R' is 
the vector from the point of reflection to the point of observa- 
tion, E 1 the amplitude of the electric field of the incident wave 
R is Fresnel’s reflection coefficient, r the coordinate vector 
of the point of reflection. Introducing the boundary conditions 







Figure 3. Summary of diffraction at the paraboloid. 


[4] into .Eq. (3)yields for R = 1; 

c, rr 

»i / ^ \ * I ' O / * 


u< p> - a/ / - 2 -- ,i - 1 t > '■ s J a 


If we place the origin of the reference frame into the focal /19 

point, then the equation of the paraboloid reads y 2 + z 2 -2px+ 2 

Thus , -» X’P + p* 

* rn « sn = n 

Y zp*+lp K 

and, with f- V+z 2 we have 


V 2 2 

= I y +z we have 


~ ^y+z^ dtfda = y~ 1 + (f-j 1 -' difdz 


Neglecting 1/s against k. 


u(p) • 

From s'-(£+ 6 )^ = we have s«r-y^/r with & = ( 0 , 8 , 0 ) 


From all this we obtain from Eq. ( 6 ) 

x i t St. 

U(p) = ikE pfj (^V)dx = ikE. JVj (^r )d$ 

x, t° if, Vo _ (7) 

This integral has been numerically evaluated for p = 3.927 
and A- o.5 (Fig. 9). The diffraction pattern is similar to 
that of a ring diaphragm [45] the first minimum at 3 . ^corres- 
ponds to diffraction at a circular aperture with a radius of 16 cm. 
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Superposed on this function with its high oscillation frequency 
is another function with a much lower frequency which represents 
the influence of the ring width of the aperture. If the distance 
from the axis is chosen as the width ol the diffraction pattern 
such that the amplitude is decreased, on the average (envelope) 
to e“ , then Pig. 9 shows a width of 10 />m. At a focal width of 
the paraboloid of 2862.1 mm this corresponds to a diffraction /20 

width of 0.7 arcsec. The first minimum of the envelope is at 130 
/im or 9 arc sec. 



These calculations show that the required resolution of 20 

arcsec can be easily tested by optical means with the 32 cm tele 
scope . 





Optical measurements with the prototype of the 32 cm teles- 
cope resulted in a FWHM of 5 arcsec which clearly satisfies the /21 
resolution of 20 arcsec. 

In addition to the image errors of the geometrical-optics 
type which are due to the type of telescope and manufacturing in- 
accuracies, the scattering upon reflection deteriorates the point 
image function. Thus, in the following, we investigate the reflec- 
tion of X-rays on ideally plane as well as rough boundary layers 
both theoretically and experimentally. 

3. REFLECTION OF X-RAYS: REFLECTIVITY A M D SCATTERING 

3.1. Survey 

If a plane electromagnetic wave is incident on a plane bound- 
ary layer between a material body, part of the wave enters a vac- 
uum and a material body, part of the energy enters in the form of 
a plane wave the second medium, while another portion is reflected 
in the form of a plane wave. The complex refractive index n des- /22 
cribes the optical behavior the material. The reflectivity is 
obtained from Fresnel's formulas. Section 3.2 treats the reflec- 
tion problem at an ideal boundary surface for "normal" material 
as well as for a highly magnetized plasma of high density (neutron 
star surface). By contrast, if the boundary layer is not an ideal 
plane, but rough in some manner, then both the wave front of the 
reflected and of the refracted wave are perturbed, and the two 
waves are not any longer plane. Energy is scattered into angles out- 
side of the specular direction and even outside of the plane of 
incidence. So long as the situation can be described by means of 
geometrical optics, the scattering is independent of the size of 
the roughness-causing agent (Section 3.3). If the problem is 
treated in the framework of Fresnel optics, then the scattering /23 
behavior (in the far field) is constant, if the ratio of the wave- 
length and the roughness is constant (Section 3.^). 
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Figure 10. Schematics of reflection at a rough surface. 



Figure 11. The choice of a reference frame and the definition 
of angles. 

-* 

The wave vector 1 and the electric field vector E 1 des- 
cribe the incident wave. A Cartesian coordinate system is defined 
in such a manner that the xz-plane coincides with the plane of in- 
cidence. The xy-plane is the major plane of the mirror, that is, 
if h(x,y) describes the surface, then 

Jf h(>:,y)dxdy = o 


where c< is the angle of incidence, $ the angle between the plane 


of incidence and the plane in which the outgoing wave is situated. 
U + y is then the angle in this plane for this outgoing wave. How- 
ever, for the time being we assume'-p = y= o , that is, we consider 
reflection at an ideal surface, and we neglect the diffraction at 
the edges of the mirror. 


3.2. Reflection Theory 

a) Reflection by matter under normal conditions 


Outside of absorption edges, the refractive index in the en- 
ergy range of soft X rays is determined by the plasma frequency 




with 


n = fl'-(t ') 2 


For matter under normal conditions we have for the electron den- 
sity n c ~ 1o 24 /cm 3 , resulting in a plasma frequency 5«1o /sec 
and the corresponding quantum energy *><•>“' 3o cV • The energy 
of the X-rays is large compared to that energy. This means that/24 


n 


1 -T<S P > 2 2SM3) 2 * 


o' ~ 


U) 


/ ✓ 

Total reflection occurs for **■ - U> . A quantitative study must 
take into account the shell structure of atoms: The simplest ap- 

proximation is provided by the Kramers-Kallman-Mark theory of an- 
omal dispersion which results for S in 


2 . 7« 1 o 


1 o 


<£>X 2 [ 




log 


I] 


. 'q' A,' ---• x- 

Here, M is the molecular weight, Z the nuclear charge, and g q 

wavelength and oscillator strength of the energy level q, respec- 
tively. All quantities are given in cgs units [10]. The following 
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two tables contain the optical constants; they will be used for 
comparison with measurements with gold and nickel (B. Aschenbach, 
personal communication). 


Gold 

X 

n = 1 - 
6 

b - ip 

P 

Nickel 

U c S 

f 

<*c 

5.4 

1.4 io" 4 

1.1 lo" 4 

o.96° 3.6 lo" 4 

8.6 lo" 5 

1.54° 

8.3 

9.0 lo" 4 

2.2 lo" 4 

2.43° 7.8 lo" 4 

3.4 lo" 4 

2.26° 

9.9 

1.2 lo" 3 

3.4 lo" 4 

2 . 8o° 



13.3 

2.4 lo" 3 

1.1 lo" 3 

3.96° 9.3 lo" 4 

1.5 lo" 3 

2.47° 

17.6 

3.7 lo" 3 

2.4 lo" 3 

4.92° 1.8 lo" 3 

5.9 lo" 3 

3.4 3° 

44.8 

2.1 lo" 2 

9.9 lo" 3 

1 1.61° 1.5 lo" 2 

1.5 lo" 2 

9.83° 


If the complex refractive index is known, then the reflectivity 
is obtained from Fresnel’s formulas to read 

f L .I _ n-S m* - Sm* Il± ~ ~ "-’Lll- 

£ ~ n. E-jjl «f n.* S(*\ > 

where sin £ = yn 2 - cos 


If the radiation is not polarized, so that | rr|E Hi J# 
we have for the reflectivity 


_ i. x r 1 jl. UiLfJ 1 1 

ic '' 1-L it,,,!’ | eui*- i 


then /25 


( 8 ) 


and with **sin<*, >sin£ , £«1 , /?= 0 

f 1 for oc 6 U t 

R -< 

/ for < > c< c 

*• 1+ 

The reflectivity is constant up to ^ ~ ot c (unity); then it 
suddenly decreases (half width: ; )c^ t ) ) with increasing graz- 

ing angle. In the case of (3 4 o the intensity decreases even 
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Figure 12. Dependence of the reflectivity on the grazing angle 
and the wavelength in the case of gold. 

before the critical angle «f t > is reached; nevertheless, the graz- 
ing angle is still a measure for the width of the reflectivity 
curve. Fig. 12 shows for the optical constants of the above table 
the corresponding reflectivity curves. For u we have the /26 
reflectivity 

~ 23 +2.0 + 2 VT Tp 

Since {5 is of the order ir? the case of soft X-rays, we have the 
following rule of thumb: The reflectivity for oL~ ci c amounts to 

about 20 %. In Section 4.9 we shall compare these theoretical 
curves with measured values. Right now, we would like to take a 
little detour into astrophysics. 

b. Reflection by the surface of a neutron star 

While in the case of solids on earth the electron density is 


L 1 
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of the order 10 cm , the current models [33, 17] of the sur- 
face of neutron stars lead to values of order 10 28 cirT 3 . The plas- 
ma frequency , the frequency of free electron oscillations, is 
therefore higher by a factor of about 100, if compared with mater- 
ial under normal conditions. External total reflection should 
occur for 1 keV radiation until nearly perpendicular incidence, 
and it should occur at grazing angles of 1 to 2° for radiation 
up to 100 keV There is a second difference in the reflection 
behavior of the surface of a neutron star by comparison with nor- 
mal conditions: Neutron stars have high magnetic fields (order 

10‘ L Gauss). This makes the electron plasma anisotropic so that 
the electrons are free to move in the direction of the magnetic 
field, while their motion perpendicular to the field is quantized. 
Thus, the medium is birefringent , and the refractive index depends 
on direction. 

6 



Figure 13 Reflection at the surface of a neutron star. 

The electron density at the surface of a neutron star [17] is 

n e -1.2*1o 27 d ' ! 2 cm -3 /27 

If the surface consists of iron, then the plasma frequency 

yields 1.45 B ?/ ' (KeV) while the cyclotron frequency is 

0 13 i. ^ 

= nCe** lsa 11.6 B, (KeV) * The binding energies of the elec- 
22 f 12 


trons are negligible, since most have energies below 2 keV (W. Hll 
lebrandt, private comm.). 


We restrict In the following our considerations to the neigh- 
borhood of the magnetic poles of the neutron star. This leads to /28 
the situation depicted in Fig. 13. The dependence of the electri- 
cal field strengths and on ^ and the grazing 

angle 4 is obtained from the continuity conditions for the elec- 
tric field at the surface and the refractive indices n^ and n 2 
which in turn depend on the refraction angles r^ and r 2 . We ne- 
glect the effects of birefrigency that appear at high field 
strengths in the vacuum [31] » since the departure of n from unity 
is only 10- 5 . We place the xy-plane into the surface of the star. 
Then, the dispersion relationship for the electron plasma reads 


S - n cos r 
m m 

iD 


-n 'sin r cos r 
u m m m 


-iD 
S - n 
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2 . 

-n sin r cos r 
mm m 
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m m 
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( 10 ) 


with 


R = 
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(See, for instance, reference [*11]). u> p is a collision 
frequency or some general damping frequency, m = 1 and 2, respec- 
tively, describe the ordinary and the extraordinary mode of propa- 
gation. This dispersion relation yields the amplitude ratios: 



P - Si-, rt 

S'n f m 6*5 r«. 
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i P 





( 12 ) 
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Since the determinant in Eq. (10) must vanish, we have 


i 


A(n m )^ - B(n m ) 2 + C = o mit: 

? 7 

A = S sin 'r + P cos r 
m m 

B = RL sin 2 r + PS(1 + cos 2 r ) 
m m 


C = PRL 


( 13 ) 


Snell’s law is valid for both modes of propagation, that is, 
n = where n depends explicitly on r. The determination 

of the electrical field components requires, in addition, the boun- 
dary conditions forE, D, B and "U at the surface 


r~» — * a umi 

l E 1 +E 2 - £ 

— * 


Pi* E 1 + V E 2 

-Z 

m*1 J J •* 

0 

it 

1n° 

Pi + S 2 

y z =0 
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Pl x E 1 + K 2* E 2 

V~ dm - 

- vE,. 

yv\ «■ 1 J j 

X 

II 
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(14) 


where z c is the unit vector in the direction normal to the sur- 
face. Introducing Eqs. (12) into (14) we find 
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Etj. 

Ej-n 


(15) 


We were able to split E 1 and E 2 into the transverse comp- 
onents parallel and perpendicular to the plane of incidence; E^ , 
however, has also a component in the longitudinal direction. In- 

a 

verting the matrix yields the dependence of the field strengths E 
and E^ on E 1 , * and oJ.. The corresponding reflectivities 
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rl _ 1 1\ 1 

R «= TZt and Rj 




as a function of the photon energy are shown in Pigs. 14 to 16 , 
raking the following values of u f> t ^ and = 4 KeV, = 

58 KcV, ti6^ “o.l KoV. . These values for ^ and w d are /31 

obtained for a magnetic field of 5x10^^ Gauss as is was measured 
spectroscopically in the case of Her X-l [44]. The value a D for 
the damping frequency is an upper limit, estimated in reference [47], 

PCI.Afll'-Allfn PARAI-LB- TO <VA-« o- I’O XN'J I'XaHW T I fTI I* HAM lOJLAR ei H*. U IHCICANCE 



Htt.K'f W IrCtOENT RAV IKI VI ENLRSY CF 1NCID6NT RAY MEV I 

Figure 14 . Reflectivity as a function of the photon energy. 
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Figure 15. Reflectivity as a function of photon energy. 
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Figure 16. Reflectivity as a function of grazing angle. 


Figs. 14 and 15 show that for X-ray radiation that is polar- 
ized parallel to the plane of incidence the reflectivity is close 
to unity up to a cut-off energy which depends on the grazing angle. 
In the case of polarization perpendicular to the plane of incidence 
we find total reflection above the cyclotron frequency. Again, 
the width of the energy band for which we have total reflection 
depends on the grazing angle. If the grazing angle is small, the 
reflectivity increases markedly between plasma and cyclotron fre- 
quency for this mode of polarization. 


If we plot the reflectivity vs. grazing angle with the pho- 
ton energy as parameter (Fig. 16), then we find the typical behav- 
ior of total reflection: For 0 the reflectivity tends to unity. 

If the grazing angle is increased, the refl ectivity s lowly decreas- 
es and then, at a critical angles = cos -1 (VT~ - (z?) 2 ) rapidly goes 
to zero. This behavior in the case of polarization parallel to 
the plane of incidence corresponds to total reflection in the 
case of normal material with little absorption ^ . In the case /32 

that the polarization is perpendicular to the plane of incidence, 
this analogy is not valid, since here the grazing angle for total 
reflection at 60 keV is larger than for 10 keV due to the fact that 
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total reflection starts above the cyclotron frequency. 


The results of Section 3.2b have been published in reference 
24. 


3.3. Scattering; Models 

According to the Rayleigh criterion a mirror may be consid- 
ered ideal if where gt represents the mean departure 

from the ideal plane: er ,1 -< • If 6r= 5o A » cxi r= “j ° , and 

1o A , the ratio on the lhs is just equal to 1. The Rayleigh 
criterion is not really satisfied in the X-ray range, except for 
very small grazing angles (less or about 1 arcmin). Thus, we 
shall discuss in the following the theory of scattering under re- 
flection. 

The first type of theory, known as Lambert’s Law, which /33 
treats the angular distribution of scattered electromagnetic rad- 
iation assumes that the radiation is so often scattered at the 
surface or in the interior of the mirror that it has "forgotten" 
where it came from. The outgoing direction is then random, and 
the energy flux produced by a surface element is proportional to 
the cosine of the outgoing angle and independent of the angle of 
incidence: I°Ccosfc> 2 . if ds is a surface element that is nor- 

mal to the outgoing direction, then the energy flux per ds is 
constant. There are very few scattering materials which satisfy 
this law even to some approximation, and for grazing incidence 
Lambert's Law is never fulfilled. 


Figure 17a. Scattering according to Lambert. 
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The first theory that allowed to explain the departures found 
in experiment from Lambert's Law while still taking only single 
scatterings into account is due to Bouguer [7,8]. The surface is 
described as an assembly of small bevels each of which reflects 
as an ideal mirror. The directions of the bevels are randomly 
oriented (for instance, according to a normal distribution) with 
the result that the scattered radiation, too, shows a random dis- 
tribution. Diffraction and , the edges of the bevels are neglected. 

A similar model has been described by T. S, Trowbridge and K.P. /34 
Reitz [431- However, in this case not only the bevel directions 
have a normal distribution, but also their radii of curvature. 

Since a curved surface can be approximated by plane bevels, the 
results of this theory can be compared with those of a plane-bevel 
theory. 



Figure 17b. Bevel model. 

These theories on the basis of geometrical optics have the 
advantage of being simple; even shadowing effects and multiple 
scattering can be included without much difficulty. Agreement 
with experiment, however, can only be expected, if the surface can 
actually be described by bevels that are large by comparison with 
the ratio of wavelength and grazing angle and if the relation 
» 1 is valid. 

Interesting is the attempt by V. Twersky [46] who treats the 
reflection by rough surface on the basis of diffraction optics. 

The model describes the mirror surface as an ideal surface which 


28 


is subject to defects by individual scattering centers (for instance 
of hemispheric form). The scattering by such a surface can be 
treated in the framework of diffraction optics. The remarkable 
feature of this theory, however, is the possibility to treat the 
influence of polarization: If the radii of the scattering centers, 

a, are small, then the radiation is proportional to (£) and ( ^ ) 
for horizontal and vertical polarization, respectively. If, on 
the other hand, the surface shows large unevenness, the correspond- 
ing dependencies read ( £) 2 and Q (£) • However, since it is 

assumed that the distance of the scattering centers from each other 
is large by comparison with their radii, this type of surface is 
not very similar to the roughness of polished surfaces. A better 
approach in this case is the description by means of a statistical 
model which will be developed in the following. 



Figure 17c. Scattering model according to Twersky. 

3 . 4 . Scattering theory for statistica lly r ough surfac es 

H. Davis [12] published in 1953 a treatment of rough surfaces 
which contains the basic features of a scattering theory for stat- 
istically rough surfaces. The surface is described by means of /36 
two statistical functions, namely, the height distribution w(z) 
and the autocorrelation function c('c’) : Let h(x,y) be the sur 

face in the reference frame of Section 3.1. We then have for the 

autocorrelation function 


t hi/.., y* ) • L ( ^ l « V t. ) / * with 'f — V( x i + (y i “Y*? ^ 

3(t) « — 0?T*7,y.)> 


(l6) 
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where here and in what follows the symbol< > represents averaging 
over the mirror surface. The function w(z) is the probability that 
there is a height z on the surface. The transition from the geo- 
metrical-optics case (6-»*) to the case of diffraction optics ( <r«. £ 
is not discussed in this paper, and the scattering probability is 
only stated in the above two extreme cases. P. Beckmann [1] des- 
cribes the continuous transition between the two cases. We follow 
in our treatment his basic assumptions and terminology. 

If an electromagnetic wave hits a boundary layer h(x,y), then 
the amplitude of the electrical field strength at the surface equals 
the sum of the amplitudes of incoming and outgoing wave, that is, 
s F '1 ' where Rp is Fresnel’s reflection coefficient; the 
latter allows to introduce a phase jump where necessary. The change 
of amplitude in the direction of the normal direction to the sur- 
face reads fe) 5 = E 1 ( 1 -R F )(k 1 n) . This formula is Kirchhoff’s ap- 
proximation for the boundary conditions in the case of reflection. 

If we make use of these boundary conditions we implicitly assume 
that the surface is sufficiently smooth: The radius of curvature 

of uneven points is large with respect to the wavelength, shadow- 
ing effects and multiple scattering events are neglected. On the 

basis of this set of boundary conditions we solve Helmholtz's in- /37 
tegral [3] with 


Y — — f 


ik\( 


r. 


(see Figure 17d). By replacement we have 



nrr c JJ 


(RpV-p) iie 



Figure 17a. Statistical model 
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with p«Jt 1 +k 2 , v=k 1 ~k 2 . 



If we neglect the correlation between R p and h(x,y) and the 
derivatives of this function with respect to x and y, then we can 

write for the expectation value of | E_l ^ • 

•» 

<|E 2 (R F (h' ),*,£)!> =. <1^1 2 ><|E 2 (Rp-1, 

Here, where R is the reflectivity (see Section 3.21). 


Thus, without restriction to generality, we can set R = 1 
and find from Eq. (17) 


= 


k e 




2. ITT. 


X V 


c ^i - 1 - t> ) e* v ' d x rf' 

9y ' 


where 


a = 2cos ( ot + ^ ) cos y 
b = 2sin(oC+vf) 
c = 2cos ( oc + ) sin y 


Partial integration results in 

i’*c ti 


e 7 = ^Y^rr 1 Fr C^'f,/)J j e‘ Vr 


where 

'X -f 

. . 1 4 tin.Pt ) - <-oW ) (^5/ 

— $i.-» «. ( 4 Kn( »<. t*^)) 

For small grazing angles we havesinoc = «- , sin(«-+if>) = ot+^f, 

and 

/3 8 

f< * » >f » y > •■ i + r«- - (20) 

In addition, the integral [19] disappears already for very 
small angles ^ , and we can write with good accuracy 



Comparing the result of Eq. (19) with that obtained from [16], 


that is e 2o = E^ih-o), we have 


si-^ « „i t h a = «y. 


( 22 ) 


-X -Y 


In the case of a statistically rough surface we are interest- 
ed in the average of the square of the absolute value of $: 

XX Y v -- (23) 

// 1 ( *,- VJ + /^(y^yJ^Y.c/^c/yciy^ 

while the square or tne absolute value of the average of 9 reads: 

.r 


= 7jl< e *P( Iv l >)> / / cxpt.vi dxdyf 

c x sinci <*X) S , 'nc , '(SVj.j<^p( < v 4 a)> j l 


(24) 


Since 


<1 S 1 > “ l<f>| l + D(j) with 0(f) = < I 5 - < $> l l > (25) 


we find that Eq. (24) represents the specularly reflected contri- 
bution to Eq. (23). In order to further develop the theory from 
Eqs . (23) and (24), we need assumptions as to the form of the 
surface. First we assume that h(x,y) follows a normal distribu- 
tion : 

w<2 > 

This assumption is reasonable as is shown by many direct measure- 
ments of the roughness of surfaces; c.f., for instance, reference 
[3]. An additional argument is the agreement of the results obtain-/39 
ed on the basis of the assumption with the measurements discussed 
in Section 4.3. The simple assumption of normal distribution al- 
lows already to derive an important result from Eq. (24): The 

expectation value in Eq. (24) reads in the case of a normal distri- 
bution: 


2 2 

where 9 “ & v y . Since F is unity in the specular direction, 
we find that in the case of a rough surface the contribution I 

sp 

which is reflected specularly is decreased by a factor 
e ~ (2ksinw- e “9«, hy comparison with an ideal mirror. Since 
we started with unity reflectivity, the scattering contribution 
is therefore I s t = 1 ~ x sp . The integral scattering contribution 
depends only on the height distribution and reads for a normal 
distribution 1 - e . This dependence of the integral scatter- 
ing contribution on wavelength, grazing angle, and the average 
roughness allows to determine the roughness from scattering mea- 
surements without knowledge of the lateral distribution, that is, 
of the autocorrelation function. The indirect determination of 
the roughness from scattering measurements has the advantage of 
the strong - dependence of the scattering; for small g c the de- 
pendence is quadratic. The largest scattering Increase is obtain- 
ed as a function of O' , if u and A are chosen such that i , 

If we assume an exponential distribution of heights, 
w(z) e”' 5= ’ , then we have for the specularly reflected contri- 

bution I g p =( 77 ~r and for the scattering contribution l gt 
In general we find that the (symmetric) height distribution is 
proportional to the Fourier transform of the square root of the 
integral scattering component :w ( z ) « Y ( \/j: j. Due to the depen- 

dence of the integral scattering component on grazing angle and /^O 
the ratio of wavelength and roughness we are able to determine the 
height distribution. 

We have already mentioned that the statistics of the surface 
are not completely determined by the height distribution; the re- 
quired additional information is a measure for the lateral dis- 
tances of mountains and valleys. The probability to find at a point 
( x l> y 1 ) a height z 1 and a point (x 2 , y 2 ) a height z 2 does not e- 
qual the product of the two individual probabilities w ( z )w(z 2 ) ; 

instead, the values are correlated: 
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( 27 ) 


if w(z) is a normal distribution. 


One can easily verify that 


• .o u> 2 

<h(x 1 ,y 1 )h(x2,Y2)> = // z 1 z 2 w(z 1# z 2 )dz 1 dz 2 = C 6' , 

that is, C . Thus, C is the autocorrelation function as 

defined in Eq. (l6) for isotropically rough surfaces. If we com- 
pute the expectation value needed in Eq. (23), viz., 

<exp (iv z (h (x r Yl ) -h (x 2 ,y 2 ) )> = exp(-g < 1 -C) ) 

and introduce Eq. (28) into (23), then 

DU)* -5r‘ J h. ■ ) [e« 1 - c >_ e ' , )W?' (2g) 

where y.^-x 2 - rcosf and ^-*2 = fsin f . At thls polnt> we have 
reduced the quadruple integral of Eq. (23) to a single integral. 
Eq. (29) already shows that the scattering distribution in the 
-direction is reduc ed bv th e factor sin * with respect to the S*- 
direction, that is }v 2 + v 2 ^ k \J { 


( 28 ) 


A ® kYs • If Y = 0 and ,/i»i 

then we find for D(?) the same value at X = 0 and at^ = 

This statement will be verified in a quantitative form in Section 
^.6. All other measurements require for the comparison an inte- 
gration of D (S) over Y : 




X PCii df « ^ / { / 3. (r K ) Jr I I e' s 1 (1 -°. r 9 

The first curved bracket under the integral reduces to 

With y =r y .«. k 


from where 
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Jd<s> 

I Dili df 



If in particular, q<< 1 , so that the series can be terminated 

after the first term, then the distribution of the Incoherently 
reflected radiation at the slit image function is proportional to 
the Fourier transform of the autocorrelation function (except for 
the weak angular dependence of g on ) : 

D(?}= g e ” 9 Jcos *< ) C ( v )dr 

0 

In the case of a Gaussian autocorrelation function, c ( r ) = e - 
the scattering halo is proportional to 


Sir 


oC 



e 


with 



- 1 V 7 * 


Optical measurements ^[13] suggest an exponential autocorrela- 
tion function: c(r) = e""^ • This results in a scattering halo 

proportional to 


CO g™ J 

I str 00 mM 1 + ( wi t h 

We shall compare in Section 
ments . 



m 

kT~oi 


these results with measure- 


3.5. Contribution by Thomson Scattering /I 4 2 

Aside from surface scatterings, processes in deeper layers of 
the mirror material contribute to the total scattering intensity. 
In order to obtain estimates of this contribution by volume scat- 
tering, we first need the penetration depth of an electromagnetic 
wave. 


Upon reflection at the boundary layer between the vacuum and 
a material medium, an electromagnetic wave spreads through the 
latter with the amplitude decreasing with depth z according to the 
formula 


A 


* A 0 exp(-k Vcoorf- 



(37) 


c.f . , for instance, reference [6], The same is true in the case of 
external total reflection, except that here ( for p = o ) no ener- 
gy enters the medium, that is, the wave stays at the surface. Eq. 

(37) yields for perpendicular incidence: A = A e " i}:nz . The 

o 

penetration depth T where the energy has decreased to l/e is found 

from 2 (^A-(iknT) -- 1 . so thatT ** where V is the well- 

2-k/j 'cr 

known absorption coefficient. In the case of grazing incidence, 
however, the penetration depth is not only determined by absorp- 
tion. In particular, in the case that oL = o , we have 

rp i A 

r “ zkCi t y£TpnT' 2_f< V3 + iTpiT F (38) 


The penetration depth does not vanish f or jl -+ 0 ; the behavior of 
this depth as a function of the grazing angle is shown in Fig. 18. 
The penetration depth is nearly the same for different energies 
in the case of grazing incidence. This is explained by the fact 
that <$ is proportional to except for the influence of the a- 
tomic shell structure (see Section 3.2.). If one neglects in Eq./44 
(38) the absorption, the T is independent of X . 


In order to obtain estimates of the volume scattering con- 
tribution we assume a total (that is, coherently and incoherently 
scattered) cross section of typically 4.0 barn/atom; this value is 

based on gold and 1 keV, according to reference [553. The corres- 

“1 

ponding scattering coefficient is u = o.24 cm . If the penetra- 

o ' 

tion depth Is only 20 A, then the scattering contribution without 

o 

absorption at the point of leaving is about 5 x 10“ . In the frame- 
work of our current work this level is much below measurability. 

Abnormal reflection known as Yoneda effect is not expected in 
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the angular range below the limiting angle for total reflection; 
in addition, it can be excluded on the basis of measurements, since 
no maximum of the scattering intensity was observed outside the 
specular direction. 

As a consequence, we feel that scattering under reflection 
is well described by simple surface scattering in the case of soft 
X-rays. 


3.6. The Influence of Scattering on the Image Quality of the Tele - 
scope /I* 5 


There are two points in which the scattering by plane mirrors 
as we have treated it so far differs from the case of scattering 
in the actual telescope: for one, the mirrors are curved, so that 

a translation onto rotational symmetry is required, although local- 
ly the scattering events can be described by the results of the 
theory in the framework of plane mirrors. Second, there is double 
scattering. The distribution into specularly reflected and into 
scattered components in the case of double reflection is shown in 
Fig. 19. Here, the q., ’ s are the scattered components as computed 

in Section 3.^: q. = 1 - R, are the reflectivities for the 

cc 1 1 

grazing angle 1 . The total specularly reflected contribution then 
read (normalized to the total of incoming energy): 



(1 - q, ) (1 - q ? ) 


for the total scattered contribution, and we have 


(39) 


X = q 1 + q 2 ' q l q 2 (W 

In the case of very weak scattering at the surface, , we 

find that the integral scattering contribution in the case of 
double reflection is about twice the amount of single reflection. 


We now compute the angular distribution for the case of a /46 
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§ I 0 R| (1 -q.) 


u_ 

UJ 

& Wq, 


Rjf 1- q,)f 1- ) 

i 0 Ri^q,(i-q 2 ) 

J oRi Rj q, q 2 


Figure 19. Schematics of double reflection with scattering. 

Gaussian autocorrelation function: If the direction of Incidence 

, . ’'y-Plane (that Is, the x-axis corresponds to the optical 

disci:::: the intensity di ~ io - ■— * t he ab ove 

Ky.z, -t 

where we have taken Into account the fact that the Integral scat” 
terlng contribution as well as the width of the halo. 0. , depend 
on the grazing angle. If we set ^ » f + S/ x « f _ \ 

Tmlmh') ^° +S ^ 7 ° 0,nPUte I<y,Z> ln Plr5t Ulmation 

7 <<f> 3 f0rS<<ot . > then “e obtain, recalling that 
'*!&£•* const. = Oi Q : 

o 

I(y,s) - const.^xpt -,^) 2 - C^)*> {£±™?(A)*^«r{r AjJ> ^ 


where 


+ > 2 f- 

^■Tr We reCaU that 9l 18 Proportional t0 “l (see Sec- 

bra 1’ hen We Can aPPly expansiDn find that the curved 
racket Is independent of the point of incidence: 
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( 43 ) 


I (y/2) = const.* exp (- ( ttt ) 2 - f 

1 M0,' 1 f 6> 0 « 0 > > . 

Hence, we see that the different grazing angles and distances 
to the focal point at the points of reflection do not change the 
scattering intensity distribution by comparison with the case of 
single reflection. The only effect is a doubling of the scatter- 
ing amplitude. If one also takes into account the fact that the 
radiation that had been scattered at the first mirror does not 
encounter during the second (specular) reflection a plane mirror, 
then one finds a small widening and flattening of the scattering 
distribution / 



scattering angle/half width scattering angle/half width 

Figure 20. Rotationally symmetric scattering distribution! 

°) I F d F b) I e d9 

In order to change to the rotationally symmetric situation we 
introduce in the focal plane the coordinates ip and : 
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T *= v^cos >{ , f = simj . The quantity d© = 2 then 

represents an infinitesimal ring element. The Gaussian scatter- 
ing distribution, transformed to rotational symmetry, reads in 
these coordinates: I 0 d©*( J exp( - x 2 . , V , 2, ^ Q . The 

scattering width was set equal to i arcmin without loss of gen- 
erality; s is the sine of the grazing angle. Integration results 

in i. .-‘fr-lo a. (**•,<_*)) 

Figure 20 shows these functions for since* Ixo.1, lelo^o 1 

The curves are normalized in such a fashion that the integral over 

o@ is constant. If u. tends to zero, the Gaussian form is re- 
tained; up to sin ct - o.l the departures from the Gausslan shape 

are small and restricted to the range 0^0.2'. . since the 
grazing angles for the 32 cm telescope are in the neighborhood 
of 1 . 5 °, we expect behind the telescope a scattering distribution 
in d0 similar to the one in <53 for the case of single scatter- 
ing. Pig. 20a shows the transformation to constant surface ele- 
merits dF in the focal plane. 

The image contrast can be obtained from these data in the 
following fashion. If 


1 ( 0 ) = 


1 - 1 
Vf? r>, 




©.I 


V rr H 




( 46 ) 


is the point image function of the telescope, q = q + q the 
integral scattering contribution, B the half width of the point 
image function, and H the half width of the scattering distri- 
bution, then the image contrast: 


K = 




+ Avm.', wv 


for a point source reads 


K = 


i-«i 


~TT 

-FT 


1 - 


2.1 


1 


H 


( 47 ) 
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If on the other hand, an extended source is the object, then 
the central portion of the point image function is more strongly 
widened than the halo, and the resulting contrast is reduced. Let 
us, for example, consider a Gaussian source intensity profile: 

1 . In this case we obtain a contrast 

of©) =*r 


K 



1 


t- 


+ r l 


h- ■» ?' 



( 48 ) 


This function is plotted in Figure 21 against the image width/49 
F. The scattering component was assumed as q = 0.1, B = 15 arcsec, 
and H = 10 arcmin. So long as the extent of the source is small 
with respect to the resolution of the telescope, the contrast fol- 
lows Eq. (47). If the image width equals the width of the scat- 
tering halo divided by /iTT , the contrast is reduced to 1-q. In 
the case of very extended sources the contrast does not go to zero; 
instead for F -* «*> it tends to the limiting value k = • 

This value reads for the above values of B, H, and q about 0.822. 
Thus, the image contrast can not only be improved by decreasing 
the integral scattering contribution, but also by increasing the 
resolution and by widening the scattering halo. In terms of pol- 
ishing this means that one should attempt to have very small and 
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4. SCATTERING MEASUREMENTS 


/50 


4.1, Experimental Setup 

The measurements of the scattering distribution were carried 
out with the aid of three different experimental setups which in 
their basic principles are quite similar (Fig. 22): An X-ray tube 

produces a characteristic X-ray spectrum, a collimator consisting 

of two slits or circular diaphragms forms a ray of some arcmin /51 

-8 

(10” sterad), which is reflected at the mirror that is supposed 
to be tested. The intensity distribution is measured in the plane 
of the detector with the aid of a proportional counter with slit 
or circular diaphragm in front. The following table summarizes 
the dimensions of the apparatus: 


1 

A (mm) 

B (rnm) 

C (mm) 

D (mm) 

slit (p) 

slit (p) 

slit t3 (p) 

I 

5oo 

237o 

51o 

2 loo 

1oo/5o 

1 oo/5o 

3oo/5o 

II 

87o 

3ooo 

945 

299o 

1oo/6oo^ 


1oo/6oo0 

III 

1 3oo 

1158o 

1 9oo 

3224 

3oo 

3oo 

3oo 



With all three setups it is possible to remove the mirror so 
that a comparison with the intensity distribution of the direct ray 

is possible. All measurements were made at a pressure of less or 

-4 

or about 10 mbar. Apparatus I was made in Tubingen, II and III in 








Garching and Neuried near Munich, respectively. 


4.2. Survey of the Investigated Samples a nd of the Measured 
Roughness 

Figure 23 provides a first orientation of the influence of 
the microroughness on the scattering behavior in the X-ray range, 
plotted are the scattering distributions for three more or less 
well polished samples on top of each other, with the normalization /52 
done for equal total intensity. The cloth-polished kanigen samp- 
le shows at a grazing angle of 1.5° and a wavelength of 8.3 A 
already so much scattering that it is inpossible to separate the spec- 
ularly reflected portion from the scattering halo; the half width/53 
is clearly enlarged. Cloth polishing techniques are used for mir- 
rors where the focussing is demanded, but not a high image quality 
in the proper sense, that is, in particular, high contrast; that 
is, for instance, the case with ASTRO-8 a rocket experiment done 
by the MPE that was flown successfully in January 1977. It con- 
sists of 12 connected paraboloids, each with 120 cm geometrical 
collector surface. The second example is the well polished kani- 
gen sample # 23. The specularly reflected portion is clearly sepa- 
rated from the scattering halo. The integral scattering component 
amounts to about 30 % which, according to Section 3.4, indicates 
a roughness of about 15 A. The third measurement refers to one 
of the best samples #27. Here, the roughness derived from the 
measurements is only about 4 A. In a qualitative fashion the 
difference between samples 23 and 27 could be verified by means 
of the micro-testing techniques with the aid of a Perthometer 
(see Section 4.10). 

The table below shows a summary of the investigated samples. 

The samples were polished by the Zeiss Company in Oberkoehen, except 
for samples 11 to 15 which are parts of the Baez telescope of the 
Harvard College Observatory/SAO, Cambridge, Mass., and which were 
measured after the flight [l8]. Column 1 gives a brief description 
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of the sample, columns 2 and 3 state the grazing angle and the 
wavelength. Column 4 contains the integral scattering components, 
with the resulting roughness given in column 5; column 6 finally 
specifies the apparatus with which the measurement was done. 



Figure 23. Comparison of the scattering distributions of three 
samples . 



Probe Grazing Wave- 0 Scatter- O' (A) Appar- 

angle length(A)ing (%) atus 

1 Replica on zero- 
dur, gold surface 


2 Replica on zerodur, 
gold surface 

3 Replica on Al, etched 
gold surface 

4 Zerodur 

5 Original for 1 and 2, 
zerodur, gold surface 

11 floated glass 


12 Floated glass, cleaned 


13 Floated glass, cleaned 


14 Floated glass, cleaned 


15 Kanigen on Al 


1.5° 

13.3 

2 

6 

I 

1.5° 

13.3 

6 

1o 

I 

1.5° 

13.3 

4o 

28.7 

I 

1 . 5° 

8.3 

57 

23.1 

I 

1 ,o° 

13.3 

2 

9 

I 

1.5° 

8.3 

1o 

8 

I 


1 .o° 

13.3 

19.0 

26.4 

I 

1.5° 

13.3 

36.4 

24.4 

I 

1 .o° 

8.3 

38.1 

23.4 

I 

1.5° 

8.3 

46.0 

17.1 

I 

1 .o° 

13.3 

8.4 

17.6 

I 

1.5° 

13.3 

- 

- 

I 

1 .o° 

8.3 

9.1 

11.4 

I 

1.5° 

8.3 

- 

- 

I 

1.0° 

13.3 

- 

- 

I 

1.5° 

13.3 

6.6 

1o. 4 

I 

1 .o° 

8.3 

- 

- 

I 

1.5° 

8.3 

7.3 

6.8 

I 

1 .o° 

13.3 

1 1.0 

2o. 1 

I 

1.5° 

13.3 

14.4 

15.3 

I 

1.0° 

8.3 

15.3 

14.8 

I 

1.5° 

8.3 

19.9 

11.3 

I 

1 . o° 

13.3 

1.4 

7.2 

I 

1.5° 

13.3 

1.7 

5.3 

I 

1 .o° 

8.3 

2.3 

5.7 

I 

1.5° 

8.3 

3.4 

4.7 

I 

1.5° 

8.3 

3o 

15 

I 


23 Kanigen on Al 


24 Kanigen on A1 

1.5° 

8.3 

16’ 

1o 

I 

27 Kanigen on A1 

1.5° 

13.3 

1 

4 

I 


1.5° 

8.3 

2 

4 

I 

29 Kanigen on A1 

1.5° 

13.3 

2 

8 

I 


1.5° 

. 8.3 

12 

9 

' I 

30 Zerodur, orig- 

1.5° 

13.3 

2 

6 

I 

inal of 3 

1.5° 

8.3 

3 

4 

I 

33 Kanigen on A1 

1.5° 

8.3 

16‘ 

8 

I 

33A Sample 33 after 

1.5° 

13.3 

6 

6 

I 

storage (30 d) 

1.5° 

8.3 

1o 

8 

X 

34 Kanigen on A1 

1.5° 

'8.3 

c 

■ 6 

I 

34A Sample 34 after 

1.5° 

8.3 

1o 

8 

I 

varnish test 
(blue varnish) 






removed with ace- 
tone and ether 

. o 

13.3 


1o. 5 

•r t 

37 Kanigen on A1 

1 .o 

m Cf 

xl 


1.5°- 

13.3 

4 

8 



2.0° 

13.3 

3.4 

5.6 

II 


3.o° 

13.3 

5.4 

4.7 

. II 


- c° 
i . 5 

8.3 

6 

6 

I 

37A Sample 37 after 

i 5 ° 

8 . 3 

9 

8 

T 

varnish test (blue 
varnish), 30 min 
acid bath, removed 


✓ 






with acetone and 
ether 

• 





38 Kanigen on Al, cloth 

o.5° 

13.3 

47 

52 

III 

polish 

1 .o° 

13.3 

82 

49 

III 


1.5° 

13.3 

85 

44 • 

III 


2.o° 

13.3 . 

9o 

46 

III 


1.5° 

,\8.3 

97 

47 

I 

38a Sample 38 polished 

,o 
o. 5 

44.8 

7 

1o8 

III 

a second time (cloth) 

r O 

o.6 

17.6 

5o 

116 

III 


o.6° 

13.3 

67 

111 

III 


o.6°‘ 

8.3 

89 

96 

III 


o.8° 

13.3 

86 

1o2 

III 


o.8° 

8.3 

98 • 

91 

III 


1.0° 

44.8 

29 

Ho 

III 

48 

1.1° 

17.6 

83 ' 

1o8 

III 


38a Sample 38 two-dimen- 
sional scattering dis- 
tribution 

39 Kanigen on A1 


39A Sample 39, varnish test 
(0576), removed with ace 
tone and ether 


39B Sample 39A with gold 
surface 


50 Kanigen on Al, with 

preferential direction 


1 . 1 ° 

13.3 

95 

98 

III 

1.3° 

13.3 

1 00 

119 

III 

1.5° 

44.8 

45 

1o5 

III 

1.5° 

17.6 

99 

113 

III 

2 .o° 

CO 

• 

*3* 

72 

116 

III 

1 . 2 ° 

44.8 

39 

113 

III 

0 

in 

• 

O 

17.6 

- 

- 

II 

1 .0 

17.6 

- 

- 

II 

o.5° 

8.3 

- 

- 

II 

1.5° 

13.3 

4 

8 

I 

1.5° 

8.3 

7 

7 

I 

-1.5° 

8.3 

1 o 

8 

I 


0 

• 

0 

13.3 

7 

33 

III 

o. 6 ° 

9.9 

6 

2 o 

III 

o. 6 ° 

8.3 

• 6 

16 

III 

0 

• 

U1 

0 

5.4 

1 1 

17 

III 

1 . 1 ° 

13.3 

8 

16 

III 

1 . 1 ° • 

9.9 

9 

13 

III 

1 .o° 

8.3 

7 

1 o 

III 

1 .o° 

5.4 

18 

1 1 

III 

1.5° 

13.3 

11 

14 

III 

1.5° 

9.9 

1 1 

1 o 

III 

1.5° 

8.3 

1 o 

8 

III 

2 .o° 

13.3 

14 

12 

III 

2 .o° 

9.9 

17 

1 o 

III 

2 .o° 

8.3 

15 

8 

III 

II o.5° 

8.3 

2.5 

0 

11.9 

II 

1 i 1 . 0 ° 

8.3 

7.1 

lo.o 

II 

II 2 .o° 

8.3 

29.7 

11.2 

II 

h 

• 

0 

0 

8.3 

4.7 

8.1 

II 

J- 2.o° 

8.3 

9.4 

5.9 

II 


49 


60 Kanigen on Al, gold 

0 

• 

Ln 

0 

13.3 

0.2 

5.4 

II 

surface 

1.5° 

13.3 

o. 3 

2.2 

II 


2.o° 

13.3 

o. 3 

1.7 

II 


2.5° 

13.3 

0.4 

1.5 

II 

6l Homosil, gold surface 

3.o° 

13.3 

o . 6 

1.6 

II 


1 .o° 

8.3 

o.o7 

3.15 

II 


1.5° 

8.3 

0.12 

2.73 

II 


2.o° 

8.3 

o.17 

2.45 

II 


2.5° 

8.3 

o.17 

1.96 

II 


3.o° 

8.3 

0.36 

2.41 

II 


After some preliminary tests of the choice of material as 
well as the polishing technique [25] we chose for the 32 cm tele- 
scope kanigen on aluminum. Thus, the majority of the above samples 
consists of aluminum with a kanigen surface that had been care- 
fully polished. The samples 23 to 29 were used to test methods 
to apply the kanigen as well as the polishing materials and tech- 
niques (Zeiss Company, Oberkochen). With an optimum method defin- 
ed, a set of samples [33 to 391 was produced in order to test the 

reproducibility of the optimum polish. The roughness of these 

o o 

samples is between 6 and 8 A and, on the average, (7.2 + 1.0) A. 

The later varnish tests of these samples were also designed 
[33A to 39A] for the production problems of the 32 cm telescope /58 
(see Section 4.5). 

We had indeed expected to encounter difficulties when, upon 
completion of the telescope, the polishing technique had to be 
applied to a two-dimensionally curved surface. At this time, scat- 
tering investigations are carried out with the finished paraboloid- 
hyperboloid system in the X-ray range. The first tests indicate 

o 

a roughness of about 10 A. Thus, the telescope is well suited to 
observe astrophysical scattering holes: At X = 13.3a and f ’ or dust 
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grain sizes of 0.8 pm the expected astrophysical halo (Sco X-l) is 
about one order of magnitude above the experimental halo as it ap- 
pears from reflection in the limit of vanishing scattering angle. 

Aside from our studies with respect to the development of the 
telescope we have, with samples 1 to 5, tested a method for the 
production of highly polished mirrors which promises to reduce costs 
drastically in the future, namely, the so-called replica method 
(Section 4.7). A special case is presented by sample 50 where we 
tested a possibility to improve the scattering behavior by the 
choice of a preferred polishing direction. The cloth polishing 
as applied to samples 38, 38 a, and 39B is less expensive and use- 
ful for mirrors which are not supposed to produce exact images, /59 
but rather to focus solely (paraboloid mirrors of the ASTRO-8 type). 
The sample was used to investigate tb? decrease of reflectivity 
through microroughness (Sectior 4.9). The samples were also used 
together with the samples 60 and 6l to investigate the dependence 
of the scattering on grazing angle and wavelength with the aim 
of verifying the applicability of the statistical surface scatter- 
ing theory (Section 4.3). Samples 11 to 15 are pieces of the Baez 
telescope of the Harvard College Observatory /SAO, Cambridge, Mass., 
that were flown successfully and partially cleaned and tested for 
scattering. The results are that floated glass has a surface qual- 
ity similar to that of the optimally polished kanigen mirror. 

Some of the measurements will be discussed in detail below. 

4.3. Integral Scattering Component 

According to Section 3.4., the incoherently scattered contri- 
bution to the total reflected energy flux is independent of the 
exact form and lateral distribution of the unevenness of the mirrors. 
It is only the standard roughness cr which influences this quality: 

In the case of a normal distribution of the heights we have for the ' 
integral scattering contribution: 
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** 1 


where 


I 


£tr 



g. = (2kC ref.) 2 


Since grazing angle and wavelength are known, this quantity allows 
to test the applicability of the statistical surface scattering /60 
theory (Section 3.M in the energy range of soft X-rays and in the 
case of grazing incidence. If> in turn, the applicability of this 
theory is verified, then X-ray measurements are excellent means to 
determine the microroughness of optical mirrors: 

6* = V-J-nd ** I S tr ) 


Aside from studying the X~and ot- dependence of the scatter- 
ing component with samples 38 a, 39B, 60 and 6l we carried out com- 
parison measurements in order to determine the roughness depih on 
the basis of other methods (Section 4.10) but with the same sam- 
ples. 


The parameter gQ was determined from the measurements in the 
following manner: Angular measurements (l‘fi vu L 0 1°) were integrated 

over the entire angular range, except for l»fl — 1 arcinin , with 
an exponential interpolation for the behavior of the scattering 
flux density for |*f|>1° . In the table below the fourth column 

shows this integral in units of counts/sec *arcmin. Column 1 shows 
the number of the measurements, column 2 the measured portion of 
column 4, column 3 the extrapolated portion. 

In order to obtain a clear picture of the separation of the 
specularly reflected component and the scattering halo, we have 
carried out scattering measurements at very small angles(l , fl-2arcmin). 
These measured curves were integrated over the range |if|£ larcmin. 
The halo component of this integral was obtained by extrapola- 
tion of the halo from the range o.5arcmin - 'Hi - 2arcmin to 
the range Wl - o.5arcrnin . Column 5 identifies the running num- 
ber of this small-angle measurement, column 6 states the integral 
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1 

2 Meas- 
ure- 

Extra- 3 
polation 

4 

5 • 

6 Meas- 
ure- 

Extra- 

polate 

l 8 

on 

9 

1 o 

11 

12 

13 

14 

Nr 

ment 

ZExtr 

I'f 1 Zi* 

Ztotal 

j'fisr 

Nr 

Zment 

ZExtr 

ZPeak 

Ztotal ZHalo 

g 

©(degree cr ( A) 

R 





9o 




1843.6 



0.0 



92 

163.4 

22.2 

185.6 

91 

9o9 .o 

83.4 

825.6 

1 o94 . 6 

269.0 

o.28 

1 .oo 

1 o 8 . 5 

o. 59 

94 

243.9 

9.4 

253.3 

93 

' 596.3 

125.2 

471.1 

349.6 

373.5 

0.55 

1 .5o 

lol .4 

0.46 

96 

259.4 

6 o. 1 

319.5 

95 

329.6 

lol .8 

227.8 

649.1 

421.3 

1 .05 

1.98 

1o5 .6 

o.35 

98 

55.2 

8.3 

63.5 

97 

1294.7 

29.6 

1265.1 

1358.2 

93.o 

o.o7 

o. 5o 

1 o3 . 9 

0.74 

1 oo 

2o7 . 4 

46.2 

253.6 

99 

671.3 

84.7 

586.6 

924.9 

333.3 

o. 46 

1.25 

11o.3 

o. 5o 





83 




796.3 



0.0 



85 

288.3 

71.1 

359.4 

84 

114.8 

61 .4 

53.4 

474.2 

42o.8 

2.18 

0.58 

96.3 

o. 6 o 

87 

266.1 

4o. 4 

3o6 . 5 

86 

36.1 

3o. 5 

5.6 

342.6 

337.0 

4.11 

o. 84 

91.3 

0.43 





64 




647.6 



0.0 



66 

142.0 

14.5 

156.5 

65 

246.4 

44.3 

2 o 2 . 1 

4o2 . 9 

2oo. 3 

o.69 

o.58 

116.2 

0.62 

68 

2o3 . 7 

3o.5 

234.2 

67 

78.7 

39.9 

38.8 

312.9 

274.1 

2.o9 

1 .09 

1 c7 . 6 

0.42 

7o 

2o5 . 2 

9.8 

215.0 

69 

31.1 

27.7 

3.4 

246.1 

242.7 

4.27 

1.49 

112.6 

0.37 





71 




1178.6 



0.0 



75 

3o2 . 6 

48.8 

351.4 

74 

325.2 

1o3 . 7 

221.5 

676.6 

455.1 

1.12 

o.58 

11 o .6 

0.57 

77 

368.5 

38.o 

4o6 . 5 

76 

72.7 

5o. 9 

21.8 

479.2 

457.4 

3 . o9 

1 .09 

97.8 

o.41 

79 

4o6 . 7 

38.5 

445.2 

78 

173.7 

9o.o 

83.7 

618.9 

535.2 

2 .oo 

0.84 

1 o 2 . 1 

o.52 

81 

291.5 

64.8 

356.3 

8 o 

41.o 

34.3 

6.7 

397.3 

39o.6 

6.39 

1.29 

113.8 

0.34 

Measurement 1 to 

1 1 : Sample 38 

, A = 

8.3A 

Measurement 2o to 

28: Sample 39B, 

A= 13. 

3A 


Measurement 31 to 

39 : Sample 393 

, A= 

9.9X 

Measurement 42 to 

5o: Sample 39B , 

A= 8 . 

3 A 


Measurement 53 to 1 

56: Sample 3 9B 

, A- 

5.4A 

Measurement 46 to 

7o: Sample 3SA, 

A= 1 7 . 

6 A 


Measurement ? 1 to 

81 : Sample 38A 

, A- 

13.3A 
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over the range W * larcmin , column ? the extrapolated halo 
contribution for |«f!*1arcmin and column 8 the specularly re- 
flected component obtained from these operations (column 8 cor- 
responds to column 6 minus column 7). The sum of columns H and 
5 then yields the total reflected energy flux (column?). Col- 
umn ll, finally, shows the quantity g. The grazing angle is 
stated in column 12; columns 13 and 14 summarize the values for 
the roughness O' as obtained by computation from column 11, and 
the reflectivity in the form of the ratio of the values from 

column 9 and the corresponding integrals over the direct ray, 
respectively. 


In the case of sample 38 a we find by averaging a n cr-val- 
ues of the above table a mean roughness of:er- (io6.3 + 7.7)A. 
Making use of this value for the roughness, we have in Pig. 2h 
entered the theoretical dependence of the relative scattering 
contribution on the grazing angle as the solid curve. The wave- 
length parameters are8.3A, 13. 3k, 17.f>A and 44.8A . The small 

error in the standard roughness of 7.7 A corresponding to 7% 
is reflected in the data by the good agreement between the meas- 
ured and the theoretical values. The error limits as shown were 
determined in the following manner: If p is the counting rate 

at the peak, S the counting rate in the halo, then the error Q = 

S/ (S+Q) reads 


AQ 


. .< ♦ A ? 

• P •* j c i 


r 

* * 0 • 


p « i 


I AC - -4 J (A P HA5)| 
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If the errors AS and M> are proportional to S and P, resp- 
ectively, that is, AS = qS, AP = qp , then = 2q (Q - Q 2 ) 


For sample 38 a we estimated the error in P and S to be a- 
bout 20$. This results in a maximum error for Q = C ‘> of Aq = 1o% 
The departure of the experimental data from the corresponding 
theoretical curves is only in the case of large scattering larg- 
er than the error as computed above. That means that the rough- 
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grazing angle (degrees ) 




ness indeed follows a normal distribution. In the case of an ex- 
ponential height distribution, w(z) - ^ c~ ^ we find a much 
larger mean error for the standard roughness: For I c+ .._ = 1 -*r-^ — 

we find from the measurements a mean roughness of 

(97.4 + 1 9 . 9 ) A . 

We shall compare this result in Section 4.10 for normal dis- 
tribution ( 6" = loGA) with results of other roughness measurements. 

The same reduction method has been used with sample 39B which 
represents a well polished kanigen sample with gold surface. The 
integral scattering contribution in this case is much less depen- 
dent on the grazing angle and the wavelength (Fig. 25). It should 
be mentioned, however, that in this case the errors AS and 4P are 
much broader, so that the error increases during the extrapolation 
toward larger scattering angles. The evaluation according to the 
above method leads to a roughness of cr = (13.9 + 6. 4) A. . If, on 
the other hand a fit of the type I scatt = I sur fa C e + c is imposed 
on the measured values, then the constant C receives the value of 
0.06 + 0.02. This fit is also entered in Fig. 25. From here we 
find an average roughness of cr= (7.3 + 2.9)A. . 'he relative 

scattering of the single values of (T thus cannot be reduced 
significantly by introducing a constant scattering component /66 
(change from 46 to 40%). There is also a basic difficulty involved 
in assuming a constant scattering component, since it was shown 
in Section 3.5 that the contribution of volume scattering is much 
less than 6$. It appears more probable that the departures from 
the exp(-g) - relation are due to an increase of the roughness to- 
ward the edges. The measurements were carried out with the aid of 
a 300 p collimator slit with the result that the irridated surface 
of the mirror was 34.4 mm wide at 0.5°, but only 8.6 mm wide at 2°. 
If only the measurements at a grazing angle of 2° are retained, 
then a mean roughness of (9.4 + 2 . 1 ) a is obtained and the scat- 
ter of individual values is only 22%. 
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Pictures taken with the multiray interference microscope (Sec- 
tion 4.10) did not verify an increase of the roughness toward the 
mirror edges; the resolution of optical measurement techniques is 
not sufficient for the purpose. In order to test the applicability 
of the above scattering theory for mirrors whose roughness is below 
10 A, a small sample was produced that could also be tested in an 
electron interference microscope (Section 4.10). 

The dependence of the integral scattering component on the 
grazing angle in the case of highly polished samples was obtained 
with a gold-surface homosil sample with the aid of a 100 collima- 
tor (apparatus II): At 8.3 A, the scattering distribution at 1°, 

1.5°, 2°, 2.5° and 3° was measured and compared with the scatter- 
ing of the direct ray: If the direct ray is separated into the 

peak and halo components Dp and D^, with the corresponding compon- 
ents for the reflected ray R + R , then we have 

P rl 

R p + R H = ‘ D p + V o(S p + H > ~ Dp + D h + D p oH. 

Here, °p + H is the slit image function of the mirror which has 
been decomposed in the same manner with a specular contribution 6 
and the scattering contribution H. Hence, if one subtracts from 
the reflected ray the reflected ray normalized to identical total 
intensity, then approximately the folding integral of the peak of 
the direct ray with the halo H is obtained. An example of this 
difference is shown in Fig. 26. 

One might conceive of the scattering distribution as consist- 
ing of two contributions: A steeply decreasing component St^ whose 

width suggests an autocorrelation length of ^Sop , and a broad 
contribution St£ corresponding to an autocorrelation length of « 6p . 
The two components as well as the total scattering and the result- 
ing values of g 2 , 6" 1 , & are shown in the table to follow: 
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i-.s -t : 2 i f. 

scattering angle in arcmin 


Figure 26. Scattering distribution (difference) for sample 6l for 



For the steeply decreasing component a roughness of 
6^ = (/.5 + o.3) A, i S computed* Volume frequencies between 
and as taken into account for the same sample in the electron 

* v* 

interference microscope, however, are only present with a mean 
roughness of = (2.54 + o.44)A . In the present case the ad- 

ditive decomposition is allowed, since for small scattering 1 ) 
the scattering distribution is proportional to the Fourier comp- /69 
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onent of the autocorrelation function, so that as well St + st e:/69 
T(.c % ) + T(c x ) ( see Section 3.4), Fig. 27 summarizes the comparison 
or the two scattering components and of the total scattering contri- 
bution with the theoretically expected behavior as a function of 
the grazing angle. Both scattering components suggest a normal 
distribution in height. The corresponding theoretical curves a- 



According to Section 4.3, the scattering distribution not only 
yields a valr for the roughness, ’ ; i n addition, the form of 

the distribution yields information on the behavior of the autocor- 
relation function. In the simplest case, that is, that of a very 
small scattering angle (g o « 1 ) , the autocorrelation function is pro- 
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portional to the Fourier transform of the scattering distribution 
(Eq. 34). Hence, one can derive the autocorrelation function di- 
rectly from the scattering distribution. In the case of larger 
scattering, however, the scattering distribution is the sum of the 
Fourier transform of powers of the autocorrelation function (Eq. 

33), and this relation cannot be solved any more for C('r'). 

In order to determine the autocorrelation function from the 
measurements of sample 38 a where the scattering contribution is not 
small with respect to unity, we have for various autocorrelation 
functions with the roughness 6" as determined in the Dast Section 
obtained the scattering distribution according to Eq. (33) and com- 
pared with the measurements. A Gaussian as well as a Lorentzian 
shape of the autocorrelation function could be excluded in this 
manner. The best agreement between the measured scattering dis- 
tribution is obtained for ar. exponential shape of the autocorrela- 

_ in 

tion function: C(T) = c~ ^ This result agrees with the studies 

by Eastman and Baumeister [13] in the optical range. 

The scattering distributions we have calculated in this man-/73 
ner are shown in Figs. 28 a to J as solid curves (T = 10.0 p). The 
vertical arrows at the positions -30, -45, and -90 arcmin show 
the position where the detector enters the shadow of the mirror 
so that the scattering intensity should decrease to zero. The con- 
stant background of 0.05 counts/sec has already been taken into 
account in this context. 

Figures 28 a to j show good agreement of the measurements with 
the theoretical scattering curves; small departures are only evident 
in the immediate neighborhood of the specularly reflected component. 
This means that long-wavelength roughnesses ( - 5op ) are under- 

represented in the exponential autocorrelation function. An ad- /74 
ditional departure for the theoretical curves is found at oi = 0.5° 
if tends to _ot: Here, the flux density of the intensity is less 

than expected. The reason for this behavior is the fact that the 
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counting rate/sec _ counting nata/Zsec 







counting; rate/sec 



scattering angle in arc/min scattering angle in arc/min 

Figure 28h A = 8.3A,* = o.5° Figure 28j A = 8.3*,* = c .75 


theory does not include multiple scatterings and shadowing effects. 
For small grazing angles the probability that the outgoing wave hits 
the surface again increases significantly, in particular, if the 
outgoing wave is almost parallel to the surface ( y ^ ^ # Multi- 
ple scatterings may be neglected for grazing angles above 0.5° as 
shown by the measurements; this holds for the scattering distribu- 
tion, but not for the reflectivity, as will be shown in Section 

M. 


Dependence of the Scattering on the Surface Treatment 


Difficulties appear during polishing at the edges. Impurities 
and fresh polishing material that may get under the polishing tools 
result in increased roughness. On the other hand, the pressure ex- 
erted by the tool.s at the edge is different with the result that 
the exact form of the mirror is not maintained at the very edge. 
Thus, one plans for an overshoot which is then separated after the 
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polishing has been finished. In order to avoid any damage to the /76 
mirror surface by this separation procedure, it is protected by 
a varnish layer. 

We have tested three of the kanigen samples of about the same 
quality [34, 37, and 39] for the consequences of the varnish and 
acid treatment for the scattering behavior. Figs. 29 a to d show 
the results of the treatment with respect to scattering. The un- 
treated and dustfree stored sample 33 shows no change in the scat- 
tering behavior within the limits of the measuring accuracy; the 
two measurements were separated by about a month. Sample 34 was 
covered with blue varnish, and the varnish was then removed two 
weeks later with the aid of acetone and ether. The scattering in- 
creases by about 505?. Sample 39 was treated with some other type 
of varnish (0576). Again, the scattering increased, this time by 
30 %. Sample 37 was similarly treated with 0576. The sample was 
protected and then put for 30 minutes into an acid bath; the var- 
nish was then finally removed in the same manner as with sample 34. 
Again, the scattering increase was about 30 %. Since the surface 
that must be protected in the case of the telescope is only about 
5 % of the total mirror surface, the varnishing changes the scatter- 
ing behavior of the telescope by less than 1 %. 

4,6. Two-dimensional Scattering Distribution /77 

The theory of scattering states that the width of the scat- 
tering distribution in the meridional direction, that is, in the 
plane of incidence, is larger by a factor (sin cel)” 1 than the dis- 
tribution in the sagittal direction, that is, perpendicular to the 
plane of incidence; see F,q. (29). In order to test this theoret- 
ical result, we have measured the scattering distribution in the 
case of sample 38A in two dimensions: The collimator slits were 

replaced by diaphragms with circular openings (diameter 600 , } a ), and 
a circular diaphragm of the same diameter was mounted in front of 
the detector. The intensity distribution was then measured horizon- 
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Figs. 28a to d. Scattering measurements with samples 33,3^,39 and 

37. 


66 


tally, that is, meridionally. Figs. 29 a to d show the results of 
these measurements in the form of height profiles: Each cross-over 

point corresponds to a measuring point in the neighborhood of the 
core. In the halo case, however, only every tenth cross-over point 
in meridional direction corresponds to a measuring point; in be- 
tween we have used a linear interpolation. 



Figure 29a. Intensity distribution of the direct ray in the plane 
detector: X" 17. 6A 



Figure 29b. Intensity distribution of the reflected ray in the 
plane of the detector, sample 38A X= 8.3a, <*.= o.5° * Plane of 

incidence is in the longitudinal direction ana perpendicular to the 
plane of the profile. 
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Figure 29c. Intensity distribution of the reflected ray in the 
plane of the detector, sample 38 a, = 17.6A, -. .= o.5° • Plane 

of incidence as in Fig. 29b. 



Figure 29d. Intensity distribution of the reflected ray in the 
plane of the detector, sample 38A, 17. 6A, <X= 1.o u • Plane 
of incidence as in Fig. 29b. 



counting rate per sec 


The mountains in the intensity distribution show the expected 
form: The specularly reflected component has 'the same form as the 

direct ray (plane mirror), while the scattering halo is only spread 
in the meridional direction; in the perpendicular direction no 
spreading is seen by comparison with the direct ray. The energy 
flux density is shown in Figs. 29 a to d in linear measure (in arb- 
itrary units). The preference for scattering in the meridional di- 
rection is particularly clear in Fig. 29b. 



The behavior of the scattering distribution in the meridional 
direction allows to determine the scattering amplitude A from the 
relation: <??>= tspekular' V - X > + A*I„ alo ( -f , y ) where 
I Halo (o,o) “ 1 • From the fact that the intensity distribution 

of the reflected ray in the sagittal direction has, within 0.5 arc- 
sec, exactly the same width as the direct ray, even where the in- 
tensity has decreased to lO”^ of the maximum value (see Fig. 30), 
we find for a known scattering width in the sagittal direction that 
the scattering distribution in the ti -direction is less than 30 arc- 
sec. The theoretically expected scattering width is by a factor 
between 3 and 6, depending on the grazing angle, below this limit. 
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*1.7. Scattering Measurements on Replica Samples /8l 

The replica method is particularly attractive for the mass 
production of highly polished mirrors. The method consists of 
copying several mirrors from a highly polished negative original. 

o 

The original obtains a thin layer (200 A) of gold on a layer of 
chromium oxide that increases the adhesion between gold and car- 
rier. This carrier is last added, either as a preformed piece, 
to be glued on with an intermediate layer of epoxy (EXOSAT), or 
else, the carrier material is applied electrolytically . In the 
latter case, the epoxy layer is unnecessary. The advantage of 
this method is self-evident in that the expensive polishing is prac- 
tically avoided, since many copies can be made from one original. 

The first method was tested with three plane samples: Two 

copies of an optimally polished zerodur sample were made on equal- 
ly well polished zerodur mirrors. The copies were of the same 
quality as the original, in fact, the copy on sample 1 had even 
a smaller roughness than the original . This is understandable 
since in order to dimension out the original it had to obtain 
a layer of gold in order to achieve a measurable reflectivity at 
1.5°. Fig. 31 shows the results for the third sample. Here, the 
carrier is a coarsely polished aluminum mirror which had been 
etched prior to copying. While the original at wavelengths of 

o 

13.3 and 8.3 A had 2 and 3 % integral scattering contribution, res- 
pectively, the replica sample showed scattering contributions of 
39.7 and 56.7%, respectively, corresponding to a roughness of 26 
The scattering distribution is well represented by a Lorentzian /83 
shape (solid line in Fig. 32) with its width corresponding to an 
autocorrelation length of between 28/aand 22p. These measurements 
show that the replica method at this time only then yields good 
results with epoxy application, if the carrier and the original 
are of comparable quality. This, however , defeats the purpose of 
the replica method. 
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4.8. Dependence of the Scattering on the Polishing Direction 


The scattering theory presented in Section 3.4 assumes that 
the roughness of the mirror is the same in all directions and, in 
par ticular , that the autocorrelation function depends only on 
r =*&x+Ay 2 • The normal polishing methods indeed makes sure 

that there is uniformity in all directions. Thus, in the case 
of perpendicular incidence, the rotational symmetry is maintained. 

Schroeder and Klimasenkl [36] made the first study of the /84 
influence of a preferred direction in the polishing on X-ray scat- 

o 

tering in the case of grazing incidence. At a wavelength of 1.9A 
and a grazing angle of about 10 arcmin, the authors found a slight- 
ly increased scattering in the case that the direction of polish- 
ing is perpendicular on the direction of incidence. The measure- 
ments were carried out at atmospheric pressure. Since at such 
small grazing angles, shadowing effects are very important, the 
results of these authors cannot be extrapolated to the soft X-ray 
range . 

We have investigated the dependence of the scattering on the 

o 

polishing direction at 8.3 A and for grazing angles between 0.5 and 
2°. The mirror we used was a well polished sample with kanigen on 
aluminum, with the final polishing carried out in one direction. 
This preferred direction is easily recognizable in the Normarski 
interference microscope (Fig. 35c). The table below shows the re- 
sults of our measurements. The numbers given for the scattering 
contribution refer to the measuring range between -l8 and +18 arc- 
min; this means that the resulting values for g and C represent 
a lower limit. The scattering depends clearly on the polishing 
direction: If the polishing direction is perpendicular, the scat- 

tering contribution is 2-3 times the amount of the parallel ar- 
rangement. In the former case one finds from the scattering con- 
es 

tribution a roughness of (7.0 + 1.6) A, in the latter (11.0 + 1.0) 

o “ 

A. The scattering-theory result that in the case of small scatter- 
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ing contributions the roughness r is obtained frojn the relative 
scattering component Ig tr as (T had been derived in 

Section 3.4 independent of the autocorrelation function. Hence, 
the result must be equally valid in the case of a preferred di- 
rection of polishing. The difference in the roughness can then 
be explained by assuming that perpendicular to the polishing di- 
rection the roughness has a smaller wavelength than as in the 
parallel direction. The higher spatial frequencies of the rough- 
ness correspond to larger widths in the corresponding scattering 
distribution. If the polishing direction is perpendicular to 
the plane of incidence, the intensity is scattered into larger 
angular ranges with the result that a larger percentage falls 
outside of the measuring range. This then leads to the erron- 
eous result that in the case of perpendicular direction the 
roughness is smaller. 

Polishing direction Grazing angle Scattering contribution g £>•( 


_L 

1.o25° 

0.047 

o.o48 

8.1 

2 . ol o° 

o. o94 

o.o99 

5.9 


o. 5oo° 

o.o25 

o.o25 

11.9 

ii 

1 .025° 

o.o71 

o.o74 

lo.o 

— 

2 . o1o° 

o.297 

0.353 

11.2 


The image contrast of an X-ray can therefore be increased 
by choosing a large rotational speed with respect to the axis 
of the telescope during the final polishing process by compari- 
son with the axial displacement speed. 

4.9. Influence of the Roughness on the Integral Reflectivity 

Our scattering theory treated the reflectivity as independ- 
ent of the roughness of the mirror samples. One suspects, however, 
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that the reflectivity does in reality not only depend on the rough- 
ness, but also on the chemical properties of the surface, such as 
the possibly present monomolecular layers of foreign matter [11]. 
There are currently very few measurements of the reflectivity 
available in the soft X-ray range, and the results show significant 
differences. For instance, the values for the decrement of the 
refractive index vary between authors - von Ershov et al. [15], 
Lukirskii et al. [27, 28], Costa et al. [11] - by more than 100%. 
Part of the differences is the fact that not always a distinction 
is made between specular and integral reflectivity; we shall under- 
stand by reflectivity in following the integral reflectivity. 

We shall not attempt to investigate the discrepancies; this would 
have to be done with the aid of a monochromator and include a 
chemical analysis of the surface. Instead, we shall discuss the 
dependence of the reflectivity on the roughness on the basis of 
samples 38 a and 39B, comparing reflectivity measurements with a 



_ theoretical , gold 
theoretical, nickel 


74 



As we were able to show in Section 4.4., shadowing effects 
and multiple scattering does not have to be taken into account 
when the scattering distribution is computed. However, as shown 
by Figs. 32 a to e, these effects influence the reflectivity. 

The shadowing effects make the mean microscopic grazing angle 
differ from the macroscopic, that is, the former shifts to larg- 
er angles with increasing roughness, and this in turn results 
in a decrease of the reflectivity. The case of multiple scat- 
tering obviously influences the reflectivity. The decrease is 

4 

clearly seen for samples 38 a and 39B by a comparison of the 
measured and theoretical reflectivities. /88 


Figure 32b 



theoretical, gold 


Figures 32 a to e compare the theoretical reflectivities for 

gold ( ) and nickel ( ) with experimental determinations 

by Rausch [32] (+++) and those for samples 38 a and 39B. The theor- 
etical values are all above the experimental ones. Whereas the 

measurements by Rausch with the monochromator are fairly close to 

° 

the theoretical values, except at 44.8 A, the ref lectivitities 
of samples 38 a and 39B are as much as 50% below the theoretical 
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values . 



Figure 32c. Reflectivity for 13.3 A, 



Figure 32d. Reflectivity for 17. 6 A. 


x = specular reflectivity, 
o = sample 39B 
^ _ integral reflectivity, 
sample 39B 

+ = integral reflectivity, 
sample 38A 
Measurement Rausch 
— = theoretical , gold 
theoretical, nickel 


x = specular reflectivity 
_ sample 39B 

integral reflectivity 
+ = sample 38 a 

Measurement Rausch 
theoretical, gold 
— = theoretical, nickel 


y 


y 
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Figure 32e. 



. ..Measurement Rausch 

^theoretical , gold 

theoretical, nickel 


If one forms the ratio of the measured reflectivity and the 
theoretically expected value, a linear dependence of the grazing 
angle is obtained: 


^ kneit K\? 

Q (cC,A) - a W.M 


1 - A( X ) oC 


_ n -i a 

The quantity A was determined from the relation A 
where n is the number of points. The influence of the shadowing 
effects and of multiple scattering increases with increasing graz- 
ing angle. Samples 38 a and 39B lead to the following values for 
A ( X ) 


Sample 38 a 


X(A> 

8.3 

13.3 

17.6 

44.8 

8.3 | 

9.9 | 


0.49 

o.22 

o. 3o 

o.32 

o.21 ! 

o.11 1 


Sample 39B 

13.3 


0.22 


17.6 

0.19 


The portion of the incident intensity which is lost due to the 
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roughness of the surface, that is the. difference R theor - R meas- 
ured, is then defined by MA)R L ( rv >i (N 

thcor ' A « . * 

. 

It is surprising that neither Q nor the difference 

^measured vanish for °» The reason is possibly the uncertain- 
ty in the optical constants for large wavelengths; in addition, 
the resolution of the proportional counter is insufficient at the 
low photon energy. 

^.10. Comparison Measurements of the Roughness 

In view of the significant experimental effort required by 
scattering measurements in the X-ray range, other measurement 
techniques for roughness should be explored. These measuring 
techniques should ultimately provide values for small-angle scat- 
tering in the X-ray range. In order to avoid any disturbance 
of the polishing process of the telescope, a technique is pre- 
ferable which allows the mirror to remain in the polishing device. 

J. M. Bennet [3] gives an extensive survey of measuring techniques 
for surface roughness and wave-type patterns. We shall in the 
following discuss four such methods; the last one actually is not 
yet listed in reference [3]. 

PERTHOMETER 

The perthometer is a measuring device which follows mechani- 
cally the surface with a diamond and translates height fluctuations /92 
by means of induction into electrical voltage fluctuations. The 
result is then recorded (fig. 33). The height profile is u se^ to 
determine the height distribution and the autocorrelation function; 
the procedure is shown for a 1^-diamond lapping sample in Fig. 33. 
Since the diamond visibly etches the surface, in particular, on a 
soft gold surface, this type of quantitative evaluation makes only 
sense in the height range below 50 A. The lateral resolution is 

78 




about . In a qualitative sense it is possible to compare samp- 
les down to about 10 A, except in the case of soft surfaces, such 
as gold. 




Figure 33. Height profile, height distribution, 
tion function of a Ip. - lapped sample. 


and autocorrela- 


The recording of 20 measurements at various positions and 
in different directions for the sample 38 a resulted for the stand- 
ard deviation g* and the maximum deviation R t in the following 
values : 

6~= (112.0 + 1 7 . 3) A , R = (838.0 + 168. 6)A 

An individual measuring interval was 1 mm. Spatial frequen -/93 
cies below were suppressed. The result for the standard 

deviation of the sample 38 a is in agreement with the determina- 
tion of the roughness from scattering measurements as 106 A. 


Nomarskl- Interference Microscope 

A second method for the evaluation of surface roughness, in 
particular in the range C £ 5oA , makes use of the Nomarski inter- 
ference microscope, a twin-beam polarization interference micro- 
scope [30]. Linearly polarized, monochromatic light is separated 
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by a Wollaston prism into two mutually perpendicularly polarized 
beams (fig, 3*0 . The two beams suffer different phase changes 
upon transmission and reflection at the object. If the beams are 
brought back together again and interfere, the image reflects 
the inhomogeneities of the object, although a quantitative reduc- 
tion of the data is not possible. P. A, J. de Korte and R. Laine 
[23] attempted to obtain, from interference microscope pictures, 
data on the lateral structuring in the case of highly polished /95 
X-rays mirrors. The Nomarski method allows to obtain a three- 
dimensional impression of the microstructure of the surface and to 
compare samples in a qualitative manner. 

Figures 35 a to d show pictures of the samples 38 A, 39B, 50 
and 12 in the differential interference contrast according to Nor- 
marski. In a qualitative sense, the difference between the sam- 
ples 33 a and 39 is obvious. The high contrast of the scratches 
in the case of sample 38 A is evidence for the depth of the scrat- 
ches. If a linear scan is chosen across the sample and if the 
clearly visible scratches are counted that cross that line, then 
a scratch is found every about S)x , that is, we have a correla- 
tion length T = 5^i . This value is for obvious reasons smaller 
than the one obtained from scattering measurements (10.0 ,u): 
flat and, for this reason, low-frequency uneven areas are under 
represented in the estimate. However, the two results agree as 
to the correct order of magnitude. 

Samples 39B and 50 show approximately the same contrast, 
and this reflects the approximately equal results of the scat- 
tering measurements. The preferred direction during the final 
polishing procedure in the case of sample 50 is clearly visible 
in the Nomarski picture. 

A picture with floated glass (sample 12) is added for com-/96 
parison. The contrast is decreased again at places with respect 
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Analyzer, 135° 




Polarizer, ^5° 
Wollaston prism 

Objective 
Mirror sample 


Figure 3^. Basic setup of a Nomarski microscope 


\ 

i 
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:1 

x 

* 1 > i 



Figure 35a. Sample 38 A 2 op ^ 


Figure 35b 0 Sample 39B t 2o # u 
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Figure 36. The principle of the FECO method. 

samples 39B and 50. On the other hand, significant disturbances 
are visible that cannot be described with the aid of a statistical 
theory. It is for this reason not surprising that measurements 
with the glass samples yield so different results. The results 


Figure 3 
Nomarski 
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simply depend on the number of disturbances that happen to be 
present on the illuminated portion of the mirror surface. 





Fig. 37a 

FECO image of sample 38A 


Fig. 37b. FECO image of sample 
50. Slit perpendicular to the 
direction of polishing. 


Figure 37c. FECO image of 
sample 50. Slit parallel to 
the direction of polishing 


83 



Figure 37d. 
Sample 39B. 


FECO image of 






THE FECO METHOD 

The method described in the literature by the term FECO (’frin- 
ges of equal chromatic order) uses multiple interference [31 and 
was developed to the point that roughnesses of only a few A can be 
evaluated (lateral resolution 2/-0. White light is, via semi- 
transparent plate, mirrored into an interferometer whose one mirror 
surface is the sample. A lense L 2 forms at the entrance slit of 
a spectrograph (L^> P> L^) an interference image. 

An interference fringe pattern is thus produced in the image/98 
plane of the spectrograph, and this pattern is recorded by the cam- 
era. In order to calibrate the height resolution, a line spectrum 
is entered on the semi-transparent plate from the left (Fig. 36). 
Fig. 37e shows the height amplification as a function of the pos- 
ition of the strip on the image. This calibration yields for the Q 
individual samples an average roughness of 80 A (sample 38A), lO^A 
(sample 50) both in perpendicular and parallel position, and 15 A 
(39B). The resolution is not good enough to distinguish the cor- 
relation lengths perpendicular and parallel to the direction of 
polishing (Figs. 37 b and c); The correlation length is less than 

IP- 
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Figure 37e. Height amplification as a function of tne position on 
the interference image. 



The ray path of the direct light interference microscope is 
similar to that of the Nomarski microscope (Fig. 38). However, in 
the case of electron interference, the interfering beams are spat- 
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ially separated on the object [26]; An electron beam is separated 
into two equal beams by a biprism. The two coherent beams reach 
the mirror sample via deflector magnet, and here they are reflected 
by means of an appropriate counter voltage. If the electrons are 
sufficiently monochromatic, and if the counter voltage is only a 
little above the accelerating voltage so that all electrons are 
reflected just in front of the mirror (1J 1 ), then a fringe pattern 
is produced by the subsequent superposition of the coherent elec- 
tron beams. This pattern shows the form of the counter voltage 
just in front of the mirror surface and hence, provided there are 
no magnetic or electrostatic inclusions, the surface form itself. 

This method allows the measurement of height differences in steps /100 
of 0.1 A according to reference [26 j. 

The method has been tested with sample 6l: The surface pro- 

file was determined at 20 different positions, and the average 
roughness computed in the spatial frequency range between 
and ~ j£- n . Whereas scattering measurements produced in this 

frequency range a roughness of (2.54 + 0.44) A (see Section 4.3), 
the roughness obtained from the electron interference microscope 

o 

pictures resulted in (3.2 + 1.2) A. Within the stated error lim- 

— 

its, the two measurements are in agreement. Thus, we conclude 
that the measurement of surface roughnesses with the aid of the 
direct light electron interference microscope yields even for 

o 

very small roughnesses of the order of a few A, results that al- 
low to predict correctly the scattering behavior via scattering 
theory. 

The measurements with the direct light interference micro- 
scope were made by Dr. Lichte of the Institute for Applied Physics 
of the Univerisity Tubingen (Director Professor Mollenstedt ) . 

I would like to thank the gentlemen for the successful collabor- 
ation. 
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5. SPECTROSCOPY WITH TELESCOPE AND TRANSMISSION GRATING 


/101 


5.1. Introduction 


Since thermal processes are responsible for the X-ray emis- 
sion of many cosmic X-ray sources, one expects line emissions. 

Whereas the spectrum of a plasma at 50 x 10 ^ K with an average ele- 

e 

ment abundance shows isolated lines at 1.9 and 11.2 A [W. H. 

Tucker and M. Koren [42]] that can be resolved with the limited 
resolution of a proportional counter, as was done first for Cyg- 
X-l [34, 37], the resolving of lines at 5 x 10^ K requires already 
a resolving power of about ~ = 5 C . This special resolving 
power can be achieved in a wide energy range by a combination 
of X-ray telescope and transmission grating [4, 5, 22]. We shall 
in the following discuss the image errors that appear in this 
combination and suggest means for their correction. 



Figure 39. Spectrum of optically thin plasmas, a. T = 50 xlO^ K. 
b. T = 5x10^ K., according to Tucker and Koren [42]. 


'5.2. Grating Errors and Correction Possibilities /102 

Let us first consider the case where the transmission grating is arranged 
behind the telescope. We shall not take image errors of the telescope into 
account, instead we assume that the source is in the optical axis. Thus, the 
grating is illuminated converguntly (Fig. 40) ; then the well-known errors cf 
the third order appear. Their calculation and discussion uses Fermat's 
Principle: If the reference frame is defined such that the x-axis is identical 
with the optical axis and the yz-plane with the plane of the grating, then 
the focal point has the coordinates P q (D,0,0). ? 1 (0,y,z) is the locus of 
grating passage of the beam, P 9 (D,y’,z’) the observing point in the focal plane. 
Then, according to Fermat’s 87 




principle, the path 


• I 

F(y,z,y',z'> = Y2 " Vi + 

must be an extremumj d(w,z) is the distance between neighboring 
grating elements. If the path differences are expressed by the 
coordinates y, z, y ? , z* and if the derivatives with respect to 
y and z are formed then 



Z1X _ J_v! 1 a 3 [ c/v, 

P> Zi>r P eUvOJ 

■f J (3y 2 y'- 3yy' 2 + z 2 y'+y' 3 ) + 


Ml "X 

'5(y,a) 


(49) 

(50) 


We now introduce the coordinates of the Gaussian image point 
of the m th order, that is, ^ ■* -j; and 25 „ 0 , and if we 
set y'= y^ + '2 , z'- z' Q + £ and d (y , z ) = d Q (1 + &(y,z)J in 
Eqs. (49) and (50), where d Q is the grating constant on the 


optical axis, then we obtain for the displacement of the Gaus- 
sian image point 





The first two terms in Eq. (51) together with the first term 

of Eq . ( 52 ) describe the comatic error. If we consider the case 

where only a small ring of radius R is illuminated on the grating, 

then the comatic error pattern is a circle of radius r = 1 ( R ^ 

“ a. l p ) ~~j~~ • p 

with its center displaced by 2r with respect to the Gaussian image 
point. In the case of an equidistant grating ( & = 0) the comatic 
error is dominant for small wavelengths. If, by contrast, /10H 


£(y,z) = t( yr ) 2 + t < t ) 2 

is chosen, then the comatic error disappears altogether, since 

c>iJ 2- * p ' + z ^ 0 ) dw - pi . 


Thus, a coma-corrected grating must have a grating "constant" that 
increases toward the edge; in the cass of the 32 cm telescope, the 
grating period would have to be varied by 0 . 01 %. Such a variation 
is practically impossible for grating constants of lp or 0 . 5 p as 
are considered currently for soft X-ray wavelengths. A technically 
less difficult solution for the coma correction is the introduction 
of a curvature into the grating; this is shown in Figs, 'll a to d. 
The errors 07 and r as defined above are stated. Particularly in- 
teresting for point sources is the alternative *»lb, since in the 
case of X-ray telescopes ^ 2 + ( J ) 2 is very nearly constant. The 
comatic error does admittedly not disappear altogether, but it does 
not really make the resolution power much worse, since it only 
displaces the position of one line. An additional correction is 
possible by introducing a curvature of the focal plane [ 5 ]. 


The spectral resolution is given by the image error in the 
direction Ay' of the dispersion to read 


A _ m A D 

A A o(, Av* (53) 

The spectral resolution is diminished, in addition to the conse- 
quences of grating errors, by image errors of the telescope, A tf , 
and the finite resolution of the detector, : 
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Fig. *»la. Correction by means 
of variation of the grating period: 
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Fig. 4lb. Curvature perpendicular 
to the grating direction around the 




Figure 4lc. Curvature parallel to 
the grating direction around the 
focus : 



Figure 4 Id. Spherical curvature 
around the focus: 
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Figure 42. Comparison of the spectral resolution of a trans- 
mission grating in the beam path of an X-ray telescope ( ott* 1.5°, 

f = 3oocm, D = 240cm, d = o.5») ) with the resolution of cry 

stais and proportional counters 
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(Ay') 2 - (A t ) 2 + (^,2 + (A?) 2 
Here, is the grating error in the direction of dispersion. 

Figure 42 shows a comparison of the resolution in various 
cases: The solid lines are the resolution power of a transmis- 

sion grating together with an x-ray telescope(f = 300 cm, c^= 1.5°) 
with or without coma correction for two different values of the 
angular resolution power of the telescope-detector system. At 
the short wavelengths, this angular resolution power is the dom- 
inant factor, so that the spectral resolution is proportional to 
^ , whereas for large wavelengths the resolution is proportional 

to X ^ due to the increase of the astigmatism proportional to 
. In the case of the high-resolution telescope (2.3 arc sec) 
the grating correction results in the optimum wavelength range 

o 

(30 to 40 A) in an improvement by a factor of 5. r= 1 in this 
representation identifies the wavelength where the optical depth 
of 0.5p gold grating elements reaches unity. In the most favorable 
energy ranges the spectral resolution of the telescope-grating 
combination is comparable with that of high-resolution crystal 
spectrometers . 


The results of Section 5.2 were published in reference [4], 


5.3» Position of the Transmission Grating 
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So far, we were concerned with the case where the transmiss- 
ion grating was placed into the convergent beam path behind the 
telescope. If, on the other hand, the transmission grating is 
placed in front of the X-ray telescope, then it is met by a plane 
wave, and no image errors occur in the grating so that no correc- 
tion is required for the grating. However, the telescope now sees, 
in nth order, the source by outside of the axis, with the re- 
sult that the off-axis errors of the telescope become important: 


92 


\ 


= T } + 4tan * * tant . 

where tan£ « - 3 - (see Eq. (2)). T „ ^ . 

.?• * tlie case of the uncorrected 

grating behind the telescope we have for the error 

l Q ) t . an2 4* ♦4( J £) 2 tan4« 

anc for the corrected grating 

= ( ) 2 4 tan4ct 

The limit for the most favorable position of the grating in front 
Of, or behind the telescope then reads 


2L * __ 

•*.- J±ZZ~Z~7 — 

£ Tf fcsV 6 

in the case of the uncorrected grating, and 


(54) 


5-fftvv,v (55) 
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If no coma correction is applied, the position behind /109 
the telescope is only in a small area more favorable than the 
position in front of the telescope. By contrast, if the coma 
correction to the grating is applied, then for nearly all graz- 
ing angles and wavelengths ( ^ ^ tan*)the position behind the 
telescope is more favorable. If only half the coma error is cor- 
rected, the limit does not depend on the waveleng th: T he position 

beMpd the telescope is more favorable if tan* 6 \ 

^ “ o.l: ^ “ 3.3 ). Thus, in the soft v -~ay range the pos- 

ition of the grating is optimal behind the telescope; in the XUV 
range a grating in front of the telescope may be more favorable, 
if a coma correction to less than one half is possible. 

6. SUMMARY /H° 

The crucial point for a high-ccntrast image in the soft X-ray 
range of a mirror telescope is optimum polishing. We have shown 
on the basis of extensive scattering studies with plane samples 
that, aside from the glass and glass/ceramics materials well-known 
from optics, such as quartz, herasil, zerodur, and homosil, metals 
such as kanigen may yield good results: The best metal samples ^ 

show scattering that corresponds to roughnesses between 2 and 3 A. 

The dependence of the scattering on the wavelength and the 
grazing angle was studied on the basis of three samples of diff- 
erent quality and compared with the statistical surface scatter- 
ing theory. We were able to show that volume effects do not con- 
tribute significantly down to a surface quality of the order of 2 
The applicability of the surface scattering theory was verified 
by means of surface roughness measurements with the aid of perth- 
ometers, the FECO method, and the electron reflection microscope: 
Direct measurements of the roughness lead to the same results as 
the roughness determination from X-ray scattering measurements 
together with the scattering theory. 
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Applying optimized polishing methods and materials to the 
asperhical surfaces of the 32 cm telescope has led to a surface /111 
quality that is even comparable to that of the glass mirrors of 
the high-resolution HEAO-B telescope: Whereas the HEAO-B tele- 

scope mirror shows an average roughness between 30 and 50 A for 
the less perfect samples, the roughness of the mirrors of the 32 

o 

cm telescope is below 15 A. 

We have determined by means of computer simulation the point 
image function of the 32 cm telescope and its dependence on the 
off-axis angle and the position of the detector plane. The rms 
width of the point image function can be improved by a factor of 
about 2 by displacing the image plane at fixed off-axis angle; the 
FWHM width remains in the process essentially constant _ Thus, the 
pointing is extremely important for astrophysical scattering halo 
measurements. Optical tests have shown that the 32 cm telescope 
is even with respect to the point resolution comparable in quality 
to the HEAO-B mirror. 


The use of transmission gratings in connection with the teles- 
cope in the X-ray range promises hope for significant improvements 
of the spectral resolution if compared with proportional counters 
or semiconductor counters. The coma-corrected grating reaches even 
a resolution that is comparable to that of crystal spectrometers. 

In the XUV range the position of the grating behind the telescope 
is even with partial coma correction less favorable than the posi- 
tion in front of the telescope, if (in the case of typical mirror /112 
length to focal length ratio of L f /f = 0.1) the grazing angles exceed 
3°. 

The measurements reported in this thesis were carried out at 
the Astronomical Institute of the University Tubingen and at the 
Max-Planck Institut fur extraterrestrische Physik in Garching. Pro- 
fessor Trumper has aided me by useful discussions and suggestions 
which were crucial for the definition of the themes of my work. I 
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am particularly grateful to Dr. Brauninger and Mr. Stephan for their 
help with the measurements, and to Dr. Lichte for the reduction of 
the comparision measurements with the electron interference micro- 
scope. I am also grateful to the Zeiss Company in Oberkochen for 
our pleasant and successful collaboration. 
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